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Abstract. We prove general uniqueness results for radial solutions of linear and non- 
linear equations involving the fractional Laplacian (— A) s with s G (0, 1) for any space 
dimensions N ^ 1. By extending a monotonicity formula a la Cabre and Sire [9], we 
show that the linear equation 

(-A) s m + U« = in R N 

has at most one radial and bounded solution vanishing at infinity, provided that the po- 
tential V is a radial and non-decreasing. In particular, this result implies that all radial 
eigenvalues of the corresponding fractional Schrodinger operator H = (— A) s + V are 
simple. Furthermore, by combining these findings on linear equations with topological 
bounds for a related problem on the upper half-space R^ +1 , we show uniqueness and 
nondegeneracy of ground state solutions for the nonlinear equation 

(-A) s Q + Q-\Q\ a Q = in 

for arbitrary space dimensions N ^ 1 and all admissible exponents a > 0. This general- 
izes the nondegeneracy and uniqueness result for dimension N = I recently obtained by 
the first two authors in I19| and, in particular, the uniqueness result for solitary waves 
of the Benjamin-Ono equation found by Amick and Toland [4]. 



1. Introduction and Overview on Main Results 

The purpose of this paper is to derive uniqueness and oscillation results for radial so- 
lutions of linear and nonlinear equations that involve the fractional Laplacian (— A) s with 
s G (0, 1) in arbitrary space dimension N ^ 1. In contrast to the situation with local 
differential operators, it is evident that the theory of ordinary differential equations (ODE) 
itself does not provide any means to establish such results. In particular, classical tools 
such as Sturm comparison, Wronskians, Picard-Lindelof iteration, and shooting arguments 
(which are all purely local concepts) are not at our disposal when analyzing radial solutions 
in the setting of the nonlocal operator (— A) s . Rather, these methods need to be replaced 
by suitable substitutes based on different arguments that will be developed in the present 
paper. So far, the lack of such ODE-type results for pseudo-differential operators such as 
(— A) s has resulted in a list of open problems, conjectures, and spectral assumptions, sup- 
ported by numerical evidence or verified in some exactly solvable special cases (see, e.g., 
[U [2H1 E3 ) ! as well as some recent more general result for N — 1 dimension obtain by the 
first two authors of the present paper in |19j . See below for further details and a brief 
review of the literature on this. 

In the present paper, we improve this situation by developing a set of general arguments 
that establish ODE-type theorems for radial solutions in the fractional setting with (— A) s . 
In fact, most of the results derived here can be extended to a broader class of pseudo- 
differential operators, as we will indicate in some detail below. However, for the sake of 
concreteness, we shall consider cases that involve the fractional Laplacian throughout this 
paper. The main results derived below can be summarized as follows. 

Uniqueness of Nonlinear Ground States in R N with N ^ 1. We prove uniqueness 
and nondegeneracy of ground state solutions Q € H S (WL N ) for the nonlinear problem 



(1.1) {-AYQ + Q- \Q\ a Q = in 
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in arbitrary dimension N ^ 1 and any admissible exponent < a < a* (s, N). In particular, 
this result generalizes (in an optimal way) the recent result by the first two authors in [19] 
in N — 1 dimension and settles conjecture by Kenig et al. [22] and Weinstein [38] in any 
dimension N 1. In particular, it generalizes the classical uniqueness result by Amick and 
Toland [4 on the uniqueness of solitary waves for the Benjamin-Ono equation. In the local 
case when 8 = 1, the uniqueness and nondegeneracy of ground states for problem 
was established in a celebrated paper by Kwong J2B] (see also [THl EI])) which provides 
an indispensable basis for the blowup analysis as well as the stability of solitary waves for 
related time-dependent equations such as the nonlinear Schrodinger equation (NLS) (see 
e. g. [371 132] )■ Further below we will briefly discuss how the results about (jl.lj) derived below 
in the fractional setting when s € (0, 1) will be central in the analysis of time-dependent 
problems such as the generalized Benjamin-Ono equation and critical fractional NLS. In 
terms of interpolation estimates, the uniqueness result about ground sates for equation 
Ql.ip classifies all optimizers of a related fractional Gagliardo-Nirenberg-Soblev inequality; 
see below. 

In view of the recent result on ground states for vo. N = 1 dimension, we mention 
that the higher dimensional case with N ^ 2 can be settled here with the help of two new 
key results on linear equations with (— A) s derived below. In fact, although the uniqueness 
of ground states for (jl.ip is a global nonlinear result, we shall see (and exploit) an intimate 
connection to the linear results described next. 

Radial Uniqueness for Linear Equations. The fact that ODE techniques are not 
applicable for the fractional Laplacian in the radial setting has so far resulted in a big gap 
of results in the spirit of shooting arguments. In particular, the well-known and essential 
fact that a radial solution u — u(r) of the linear equation — Au + Vu = on (where 
V obeys a mild regularity condition) satisfies u(Q) = if and only if u = has had no 
counterpart in the fractional setting with (— A) s up to now. 

Here, we shall fill this gap by proving the following result: For radial and non-decreasing 
potentials V — V(r) in some Holder class, we show that any radial and bounded solution 
u = u(r) vanishing at infinity and solving the linear equation 

(1.2) (-A) s u + Vu = Q in R N 

satisfies u(0) = if and only if u = on R N . By linearity of the problem, this is equivalent 
to saying that equation (|1.2p has at most one radial and bounded solution u(r) vanishing 
at infinity. This result can be seen as a key substitute for shooting arguments in the ODE 
setting. This result, which can be regarded as an extreme version of unique continuation 
for (— A) s in the radial setting, turns out to be essential for the understanding of linear 
and nonlinear radial problems involving the fractional Laplacian. 

The proof of this radial uniqueness result involves a sort of an energy argument based 
on a monotonicity formula for (— A) s (see below). Note that the condition that V(r) is 
radial and non-decreasing (which physically corresponds to an attractive potential) arises 
naturally in many situations. In particular, this property of V will naturally be satisfied by 
the linearized operator L + = (— A) s + 1 — (a + l)Q a around the ground states Q = Q(r) > 
of problem which is known to be decreasing function in r = \x\. 

Simplicity of Radial Eigenvalues for Fractional Schrodinger Operators. As a 

direct consequence of the uniqueness result about (|1.2j) above, we obtain that all radial 
eigenvalues of the corresponding fractional Schrodinger operator H = (— A) s + V on 1^ 
are simple. This spectral result, which is a classical fact for s — 1 by ODE techniques, will 
be of essential use when deriving the nondegeneracy and then the uniqueness of ground 
state solution Q for the nonlinear problem 

Sturmian Oscillation Estimates. For operators H = (— A) s + V as above, we show that 
its second radial eigenfunction changes its sign exactly once on the half-line (0, +00). This 
result can be regarded as an analogue as the classical oscillation bound for classical Sturm- 
Liouville problems. In particular, this optimal oscillation result generalizes the result in 
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[T§] to arbitrary dimension N ^ 1. Furthermore, such an oscillation estimate is a central 
ingredient in the proof of the nondegeneracy of the radial ground state Q for problem (jl.ll) . 



Sketch of Main Ideas. The proof of the main results mentioned above involve the fol- 
lowing the three concepts. 

• Topological bounds on the nodal structure of the solutions for equation with (— A) s , 
which are obtained by considering a related problem on the upper half-space 
with local differential operators. 

• Homotopic argument by continuation in s. That is, we construct solutions u = u s 
parameterized by the index s € (so, 1) of the fractional Laplacian, with sq G (0, 1) 
fixed. Taking the limit s 1 yields global information about the branch u a , 
which can be deduced from the limiting problem at s — 1 known by classical ODE 
techniques. 

• A monotonicity formula for radial solutions for (— A) s with s € (0, 1) on Ht N . 

We now briefly sketch the three main ideas as follows. How these arguments enter in 
the individual proofs will be seen further below. 

Topological Bounds via Extension to R^ +1 . Using we express the nonlocal operator 
(— A) s on R w with s E (0, 1) as a generalized Dirichlet-Neumann map for a certain elliptic 
boundary-value problem with local differential operators defined on the upper half-space 
= {OM) : x € l w , t > 0}. That is, given a solution u = u(x) of (-A) s u = / in 
R , we can equivalently consider the dimensionally extended problem for u = u(x,t), still 
denoted by u for simplicity, which solves 



(1.3) 



div (^-^Vw) = 



m 



-dst^dMt^o = f onc«^ +1 . 
Here the positive constant d s > is explicitly given by 



l2s -i r( s ) 



(1.4) d s - - 

y ' r(i-s) 

In particular, the reformulation (|1.3p in terms of local differential operators plays a central 
role when deriving bounds on the number of sign changes for eigenfunctions of fractional 
Schrodinger operators H = (— A)' s + V. In [19] this idea was implemented for N = 1 
dimensions to obtain certain sharp oscillation bounds for eigenfunctions of H . However, the 
case of higher dimensions has been left open, due to the topological fact that \ { (0, t) : 

t > 0} is a connected set if N ^ 2, whereas it is not connected if N = 1, which was needed 
in [H]. 

In this paper, we will overcome the restriction to N = 1 and will be able to treat arbitrary 
space dimension N ^ 1, by combining the extension method with a continuation argument 
in s and a monotonicity formula for radial solutions involving the fractional Laplacians 
(-A) s with s e (0, 1). See below. 

Homotopic Argument by Continuation in s. The idea behind this method is to make a 
continuation argument with respect to the power s € (0,1) appearing in (— A) s . More 
precisely, starting from some solution u$ of 

(-Ay a u + f So (u Q ,x) =0 in R N , 

we embed this problem into a suitable family of equations parameterized by s. That is, we 
seek to construct a branch u s with s close to sq solving the problem 

{-A) s u s + f s {u s ,x) =0 in R N . 

The local existence and uniqueness (in some function space) for u s with u s=SB = uq follows 
from an implicit function argument, provided the linearization around uq is invertiblc, 
which is the first key step in the argument. The second key point is now to derive suitable 
a-priori bounds that guarantee that the branch u s can extended all the way to u s as s /*■ 1 
converging to a nontrivial limit. Typically, the limiting problem with s = 1 can be well- 
understood by ODE methods and, by an open-closed argument, we obtain information for 
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the whole branch u s for s £ [so,l]. We will use these arguments in suitable variations when 
deriving sharp oscillations estimates for the second radial eigenfunction of H — (— A) s + V, 
as well as when we show the global uniqueness of ground states Q for equation (jl.ll) . 

Monotonicity Formula for (— A) s . In a recent and remarkable article [§], Cabre and Sire 
introduced and exploited a monotone quantity for so-called layer solutions of nonlinear 
equation of the form (— A) s v = f(v) on Mr. Inspired by their work, we formulate a 
monotone quantity for radial solutions of the linear equation (— A) s u + Vu = on Mr, by 
defining 

H(r) =d s j — {u 2 r (r, t) - u 2 t (r, t)} dt - ~V(r)u(r) 2 , 

where u — u(r,t) denotes the extension of u = u(r) that satisfies problem (jl.3p above, 
with d s > being the same constant as above. In fact, it turns out (formally at least) that 
H'(r) ^ holds, provided the potential V is non-decreasing. Hence H{r) is non-decreasing. 
By using the monotonicity of H(r), we conclude a rather general uniqueness result for radial 
solution to the linear equation (— A) s u + Vu = in Mr , saying that it(0) = implies that 
u = on M N . For a precise statement, see Theorem [T] below. 

Review of Known Results. We briefly recap the results about uniqueness for solutions 
u = u(x) of problem having the form 

f (~Ayu + f(u,x)=0 in R N , 
^ ' ' \ u(x) -40 as |x| -> +oo. 

with s £ (0, 1). As usual, f(u,x) stands for some given nonlinear or linear function; e.g., 
a nonlinearity f(u) = u — u a+1 with some a > or a linearity f{u, x) — V(x)u with some 
given potential V. 

In the cases of interest, the existence of nontrivial solutions of equation (11.51) can be 
deduced by standard variational methods adapted to (— A) s . However, in contrast to the 
classical case s = 1, very little is known in general (except from a few situations discussed 
below) about uniqueness of radial solutions for problems of the form (jl.5p . Indeed, even the 
situation of linear f{u, x) — V(x)u has not been understood so far in rudimentary terms. 

Nonlinear Case. For nonlinear problems of the form (|1.5[) . the known nonperturbative 
uniqueness results can be summarized as follows. (See [22 , TS] for some perturbative unique- 
ness results when s is close to 1.) 

• Benjamin-Ono equation: In [J] Amick and Toland proved that uniqueness (up to 
translations) of the nontrivial solution Q e _ff 1 / 2 (]R) of 

(-A) 1/2 Q + Q-Q 2 =0 in R. 

In fact, the unique family of solutions Q{x) — 1+ ^_ Xo ^i with xo £ R is known in 
closed form. The proof in [1] relies on an intriguing reformulation of the problem in 
terms of complex analysis and makes also strong use of the fact the nonlinearity is 
quadratic. However, the methods seem to be rather specific. Therefore, generalizing 
the proof of Amick and Toland to (— A) s with s £ (0, 1), different powers Q a+1 
with a/1, and dimension N 2 does not appear to be achievable. 

• In [2H US] it was shown independently by Y. Y. Li and Chen, Li, and Ou that for 

2N 

s e (0,N/2) and Q £ L"- 2s {R N ) that the equation 

(-A) S Q - = in R N 

has a unique positive solution Q(r) > up to scaling and translation. However, 
both the uniqueness proofs in [28j [15] make an indispensable use of the fact that 
this problems exhibits conformal symmetry. Again, the extension to a broader class 
of equations seems out of scope. 
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• In pi5] the first two authors of this paper proved uniqueness and nondegeneracy of 
ground state Q G H S (R) for 

{-A) S Q + Q -Q a+1 = in R. 

for all s £ (0, 1) and all inadmissible powers < a < a* (see below for the 
definition of a* > 0). The proof given in [H] develops a general strategy, but it 
needed the assumption of restricting to N = 1 space dimension in one crucial step. 
This basic dimensional obstruction will be overcome in the present paper. 

Linear Case. For linear problems of the form (|1.5[) . the question of uniqueness of radial 
solutions has not been well understood either. A notable but rather specific case arises when 
u is known to be the ground state of a linear fractional Schrodinger operator H = {— A) s + V. 
(By shifting the potential V, we can always assume that the lowest eigenvalue E\ of H 
satisfies E\ = 0) Then, by standard Perron-Frobenius methods (see Appendix [C]) it follows 
that u(x) > is strictly positive and that the lowest eigenvalue E\ = is simple. In 
particular, we obtain uniqueness of solutions to the linear problem up to multiplicative 
constants. 

However, in many interesting cases linear problems of the form (11.51) . solutions u are not 
ground states of some fractional Schrodinger H = (— A) s + V. In particular, a crucial part 
in the analysis of blowup and stability solitary wave solutions lead to the study of higher 
radial eigenfunctions u of some fractional Schrodinger operator. Here Perron-Frobenius 
arguments are of no use and, consequently, the question of uniqueness of such solutions u 
need to be addressed by novel arguments. Along with this, oscillation estimates for higher 
radial eigenfunctions u for fractional Schrodinger operators H are of central interest. This 
will be addressed below too. Let us also mention the oscillation and simplicity results 
for the spectrum of \J — A on the interval I = (—1,1) (with exterior Dirichlet conditions 
on the complement I c ) obtained by Bahuelos and Kulczycki [6] ; see also [24l [25] for 
improvements to (— A) s with s £ [1/2,1) in this one-dimensional setting. However, the 
arguments given in these works do not seem to be extendable to a more general class of 
operators H — (— A) s + V in general dimension N ^ 1 and arbitrary powers s € (0, 1). 

Generalizations to other Pseudo-Differential Operators. The generalization of the 
main results about linear equation (i. e. Theorems 1 and 2 below) to pseudo-differential op- 
erators L beyond the fractional Laplacian on is feasible, provided they can be regarded 
as certain Dirichlet-Neumann maps. Important examples (which will be treated in future 
work) are as follows. 

• L = (— A) s with s £ (0, 1) on any open ball Br = {x E M. n : \x\ < R} with exterior 
Dirichlet condition on B C R . 

• L = (— A) s with s e (0, 1) on the A-dimensional hyperbolic space M N . 

• L = (-A + to 2 ) 8 / 2 with s £ (0, 1) and m > on R N , B R , or U N . 

• L — (— A) 1 / 2 coth(— A) 1 / 2 on R. This pseudo-differential operator arises in the 
intermediate long-wave equation modeling water waves. 

We refer to [SJ \5\ \T\ for more details on these operators and their occurrence in probability, 
geometry and physics. 

Regarding the nonlinear main results (i. e. Theorems[3]and|4]below) about nondegeneracy 
and uniqueness of ground states Q, we remark that an extension to nonlinearities f(u) 
beyond the pure-power case appears feasible too, but will be postponed to future work. 

Plan of the Paper. We organize this paper as follows. In Sections [5] and 02 we state the 
linear and nonlinear main results, respectively. The proof of Theorem [T] (linear uniqueness 
result) will be given in Section 0] by using the aforementioned monotonicity formula for 
(— A) s in the class of radial solutions. The Sections [5] and [6] are devoted to the proof of 
Theorem [2] (linear oscillation result). Finally, in Sections [7] and 13 we prove the nonlinear 
main results; i.e. Theorems [3] and HI about nondegeneracy and uniqueness of ground states 
Q for the nonlinear problem (|1.1|) . 
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The appendix contains a variety of technical results (such as regularity and uniform 
estimates) needed in the main part of this paper. 

Notation and Conventions. Throughout this paper, we employ the common abuse of 
notation by writing both / = and / = f(r) for any radial functions / on M. N . 

We use standard notation for LP and Sobolev spaces and 

L ?ad( KA denotes the space of 
radial and square- integrable functions on M. N . For k £ No and < 7 ^ 1 the Holder 
space C k ' J (R N ) is equipped with the norm ||u||c fc ^ = S| Q |^fe + IMIc^, where 

||u|| C 7 = sup^ y lu \ x JZy^ )l - We often write LP instead of L P (R N ) etc. 

We employ the following convention for constants in this paper: Unless otherwise ex- 
plicitly stated, we write 

A ;.„,/„,... Y 

to denote that X CY with some constant C > that only depends on the quantities 
a, b, c, . . . and the space dimension N ^ 1. Moreover, we require that C > can be chosen 
uniform if a, b, c, . . . range in some fixed compact set. 

Acknowledgments. R. F thanks Elliott Lieb for useful discussions and Iosif Poltcrovich 
for pointing out reference [3]. R. F. acknowledges financial support from the NSF grant 
PHY-1068285. E.L. expresses his deep gratitude to Jiirg Frohlich for his support, interest, 
and inspirations revolving around (— A) s . Moreover, both authors R. F. and E.L. thank 
the Isaac Newton Institute for its kind hospitality in August 2012, where parts of this work 
were done. L. S. acknowledges financial support from the NSF grants DMS-1001629 and 
DMS-1065979. 

2. Linear Main Results 

Let N ^ 1 and s £ (0, 1) be given. We consider the linear equation 
(2.1) (-A) s u + Vu = in R N . 

We require that the potential V : f w — > K satisfies the following conditions. 

(VI) V = V(\x\) is radial and non-decreasing in \x\. 

(V2) V £ C° n (R N ) for some 7 > max{0, 1 - 2s}. 
Throughout the rest of this section, we shall assume that the potential V in equation (|2.1[) 
satisfies the above conditions (VI) and (V2). Recall that the conditions V belongs to C° n 
means in particular that V is bounded. 

The first main result establishes the following basic uniqueness result for radial and 
bounded solutions to (|2.1I) that vanish at infinity. (By this, we mean that the the Lebesgue 
measure of {x £ : |u(a;)| > t} is finite for every t > 0.) 

Theorem 1. Let N 1 and s G (0,1). Suppose that u — u(\x\) is a radial and bounded 
solution of the linear equation (|2.ip and that u vanishes at infinity. Then u(0) = implies 
that u = 0. 

Equivalently, we have that the linear equation (|2.ip has at most one bounded and radial 
solution that vanishes at infinity. 

Remark. By regularity estimates (see below), we actually have that u £ C 1 '^(ffi.'' v ) holds 
for some j3 £ (0, 1). In particular, the statement u(0) = makes good sense. Furthermore, 
since u vanishes at infinity by assumption, this Holder estimate implies that u tends to zero 
pointwise at infinity, i.e., it holds that w(|a;|) — > as |x| — > +00. 

An immediate application of Theorem Q] arises for fractional Schrodinger operators H = 
(— A) s + V with radial potentials V(r) as above. In this case, we can study the restriction 
of H to the sector of radial functions. Furthermore, by regularity estimates (see below) we 
conclude that any I/ 2 -eigenfunction of LL is bounded. Clearly, the shifted potential V — E 
also satisfies conditions (VI) and (V2) above. Thus we can apply Theorem[TJto deduce the 
simplicity of all eigenvalues of H in the sector of radial functions. 
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Corollary 1. Suppose N ^ 1, s G (0, 1), and let V be as above. Consider H = (— A) s + V 
acting on L^ ad (R N ). Then all eigenvalues of H are simple. 

In particular, if E\ ad ^ E x ^ d ^ ^ ••• < inf o~ ess (H) denote (with counting multi- 

plicity) the discrete eigenvalues of H acting on L^ ad (M. N ), then we have strict inequalities 

E\ ad < E™ d < E l 3 ad < ■ ■ ■ < M<j css (H). 

Remarks. 1.) Note that Corollary [T] also shows the simplicity of any possible embedded 
eigenvalue of H in the radial sector. 

2.) The simplicity of the lowest eigenvalue E\ ad < E™ d , together with the strict positiv- 
ity of the corresponding eigenfunction ip\{x) > 0, follows from standard Perron-Frobenius 
arguments for H = (— A) s + V with < s < 1; see also Appendix [Cl However, this classical 
method is restricted to the case of the lowest eigenvalue of H and it is not applicable to 
any higher eigenvalue in contrast to the arguments that establish Corollary [T] 

As the last main result for the linear equation (|2.1j) . we prove the following sharp os- 
cillation estimate for the second eigenfunction of H, which provides us with a bound in 
agreement with Sturm-Liouville theory for ODE. 

Theorem 2. Let H = (— A) s + V be as in Corollary [7] above. Suppose that H has at 
least two radial eigenvalues E\ ad < E^ < m{o~ css (H). Let ip € L 2 (M. N ) denote the radial 
eigenfunction of H for the second radial eigenvalue E™ d . Then ip — ip(\x\) changes its sign 
exactly once for \x\ = r € (0, +oo). 

Remarks. 1.) By this, we mean that there is some r* > such that (after multiplying ip 
with —1 is necessary) we have 

ip(r) ^0 for re [0,r*) and ^ for r G [r*,+oo), 

and tp ^ on both intervals [0, r*) and [r*, +oo). Note also that "0(0) > by Theorem [TJ 

2. ) In [19] this result was shown for N = 1 space dimension by using a variational 
problem posed on the upper half-space R^j_ +1 . However, carrying over the proof given 
there to radial solutions in N ^ 2 dimensions yields the weaker bound that changes 
its sign at most twice on (0,+oo). The reason that the case N ^ 2 is different can be 
traced back to the fact that the set \ {(0,t) : t > 0} is connected when N ^ 2, 
whereas \ {(0, t) : t > 0} is not connected. Despite this topological complication 
for N ^ 2, we will improve the bound for ip to the optimal bound as stated in Theorem 
[21 by further independent arguments based on Theorem [T] and a homotopic argument for 
fractional Schrodinger operators H = (— A) s + V s by continuing the eigenfunction with 
respect to s G (0, 1]. 

3. ) Note that we require Hip = Eip with E strictly below the essential spectrum of H . 
Indeed, we do not expect that ip changes its sign only once (or even finitely many times) 
on the half-line in the case when E > inf o- css (H) is an embedded eigenvalue. By analogy 
to the classical ODE case when s = 1, an oscillatory behavior of ip at infinity is conceivable 
in this special situation. 

4. ) In the proof of Theorem [3] below, this sharp oscillation result for the second eigen- 
function oi H = (— A) s + V will play an essential role. In fact, the second eigenfunction is 
often of central interest in the linearization of minimizers in variational problems to study 
their stability behavior. See also the next Section [3] below. 



3. Nonlinear Main Results 

Let N ^ 1 and s G (0, 1) be given. We consider real- valued solutions Q G H S (R N ) of 
the nonlinear model problem 

(3.1) (-A) s Q + Q-|Q| a Q = in R N . 

We refer to [TH] and references given there for physical applications of this problem. Here 
and throughout the following, we assume that the exponent in the nonlinearity satisfies 

(3.2) < a < a*(s,N), 



8 



R. L. FRANK, E. LENZMANN, AND L. SILVESTRE 



where we set 

for < s < N 



(3.3) a,(a,N):= 



N-2s iu± u ^ ° ^ 2 

+oo for s ^ 



The condition that a be strictly less than a*(s, iV) ensures that the nonlinearity in (|3.1[) is 
H s -subcritical. Indeed, by Pohozaev-type identites (see also below), it can be shown that 
equation (13.1[) does not admit any nontrivial solutions in (H s n L a+2 )(R N ) when a ^ a* 
holds. Thus the condition (|3.2p is necessary for the existence of nontrivial solutions of (|3.1I) . 
but it is also sufficient as we now recall. 

A natural approach to construct nonnegative nontrivial solutions for equation (|3.ip is 
given by considering the fractional Gagliardo-Nirenberg-Sobolev (GNS) inequality 

Na 

(3-4) / \ur^C opt ( [ \(-Ay/\A AS ( [ \u\ 2 



Here C op t > denotes the sharp constant (depending on s,N,a) which can be obtained 
by minimizing the corresponding "Weinstein functional" (see 38 ) given by 



2^(28-^0+1 

i i i — \ ] f ; i i i (/ 

(3.5) J{u) 



a+2 



defined for u £ H 3 (M. N ) with u ^ 0. Obviously, any minimizer Q £ H S (R N ) for J(u) 
optimizes the interpolation estimate (|3.4j) and vice versa. By methods of variational calculus 
(see below), we find that C~ pt — ini u ^ J(u) > is indeed attained. Moreover, any 
minimizer Q 6 H S (M. N ) for J(u) is easily found to satisfy equation (13.11) after a suitable 
rescaling Q h+ /iQ(A-) with some constants fi and A. Since J(M) ^5 J( u ) holds, we can also 
deduce that minimizers Q ^ for J(u) can be chosen to be nonnegative. 

We summarize the following existence result along with fundamental properties of non- 
negative solutions for equation (|3.ip . 

Proposition 3.1. Let JV^ 1, s£ (0, 1), and < a < a*(s, N). Then the following holds. 

(i) Existence: There exists a minimizer Q £ H S (M. N ) for J(u), which can be chosen 
a nonnegative function Q ^ that solves equation (|3.ip • 

(ii) Symmetry, regularity, and decay: If Q £ H S (M. N ) with Q ^ and Q ^ 
solves (|3.ip , then there exists some xo £ K N such that Q{- — xq) is radial, positive 
and strictly decreasing in \x — xq\. Moreover, the function Q belongs to (H 2s+1 n 
C°°)(R N ) and it satisfies 



! + |a;|iv+2 S 
with some constants C<z Ci > 



Proof. These assertions follows from results in the literature. For instance, part (i) can be 
inferred by following [351 12 where the existence of minimizers for J(u) for N = 1 is shown 
by concentration-compactness arguments; the generalization to N 2 is straightforward. 
As an alternative, we provide a simple existence proof without concentration-compactness 
arguments, by using rearrangement inequalities; see Appendix IDl 

As for the symmetry result in (ii), we can be apply the moving plane method in [30| for 
nonlocal equations. See Appendix [D] again, where we also give some details regarding the 
assertions about decay and regularity of Q. □ 



To formulate our main results about nonnegative solution of equation (|3.1I) , we introduce 
the following notion of ground state solutions. 

Definition 3.1. Assume that Q £ H S (M. N ) is a real-valued solution of equation (|3.ip . Let 
L + denote the corresponding linearized operator given by 

L + = (-Ay + l-(a + l)\Q\ a 
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acting on L 2 (B> N ). We say that Q with Q ^ is a ground state solution of 

equation (|3.1[) . if L + has Morse index equal to one, i. e., L + has exactly one strictly negative 
eigenvalue (counting multiplicity). 

Remarks. 1.) From flST) itself it directly follows that (Q,L+Q) = -a J \Q\ a+2 < 0. 
Hence, by the min-max principle, the operator L + has at least one negative eigenvalue for 
any nontrivial real- valued solution Q £ H S (M. N ). 

2. ) If Q ^ is a (local) minimizer of the Weinstein functional J(u), it is straightforward 
to see that L + has Morse index equal to one; see the proof of Corollary [5] below. In 
particular, if Q optimizes (|3.4[) then Q is a ground state in the sense of Definition 13.11 

3. ) Note that the notion of ground states defined above is weaker than the one used in 
[19] . where Q was assumed to be a global minimizers of J(u). 

The following result about ground state solutions for (I3.ip establishes the key fact that 
the corresponding linearized operator is nondegenerate. 

Theorem 3. (Nondegeneracy). Let N ^ 1, s £ (0, 1), and < a < a*(s,N). Suppose 
that Q £ H S (M. N ) is a ground state solution of (|3.1[) . Then the linearized operator L + is 
nondegenerate, i. e., its kernel is given by 

kerL + = sp&n{d Xl Q, . . . , d Xn Q}. 

Remarks. 1.) Suppose Q = Q(\x\) is a radial ground state (which by Proposition 13.11 
follows after a translation). Then Theorem [3] implies that (kerL + ) n L 2 . ad (R N ) = {0} and 
we easily check that L + is invertible on L 2 ad (B. N ). 

2.) The nondegeneracy of L + implies the coercivity estimate 

(u,L + u) ^ c\\u\\ 2 H s for u _L M, 

with some positive constant c > 0, where M is a suitably chosen (n + l)-dimensional 
subspace (e.g., one can take M = span{</>, d\Q, . . .d n Q} with cf> being the linear ground 
state of L+.) Such results form a key constitute in the stability and blowup analysis for 
related time-dependent problems (e.g., generalized Benjamin-Ono equations, fractional 
Schrodinger equations etc.); see, e.g., [22l|23] for applications. 

Finally, we have the following uniqueness result for ground state solutions of p.l[) , which 
generalizes the result in |19] to arbitrary space dimensions. 

Theorem 4. (Uniqueness). Let N 1, s £ (0,1), and < a < a*(s,N). Then the 
ground state solution Q £ H S (M. N ) for equation (|3.ip is unique up to translation. 

As a consequence of this uniqueness result, we have the following classification of the 
optimizers for inequality (13.4[) . 

Corollary 2. Every optimizer v £ H S (R N ) for the Gagliardo-Nirenberg-Sobolev inequality 
(13H) is of the form v = j3Q{^{- + y)) with some ^eCJ/0,7>0, and y £ R N . 

Proof of Corollary With Theorem H] at hand, we can follow the arguments for corre- 
sponding result in N = 1 dimension given in |19j . That is, by strict rearrangement inequal- 
ities for (-A) s with s £ (0, 1) (see [H [20]) we deduce that any optimizer v £ H S (R N ) for 
(|3T4) is of the form v = /3v*(-+y) for some /3 £ C, (3 ^ and y £ R N , where v* = v*(\x\) ^ 
denotes the symmetric-decreasing rearrangement of v. Since v* £ H s is also a minimizer 
for J(u), we see (after rescaling v* M> \v*(fi-) if necessary) that v* — Q ^ satisfies equa- 
tion (|3.1[) . Furthermore, an explicit calculation using the positivity of the second variation 
^2 J(Q + £7 l)\r =a ^ f° r an y V <= C^°(R N ) shows that L + has Morse index equal to one. 
(See [IH] for details in N — 1 dimension; the adaptation to N ^ 2 is immediate.) Hence 
v* = Q ^ is a ground state for equation (|3.1I) and we can apply Theorem 0] to conclude 
the proof. □ 
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4. Proof of Theorem 1 

4.1. Preliminaries. We start by briefly recalling the extension principle in [TT] that ex- 
presses the nonlocal operator (— A) s on with s 6 (0, 1) as a Dirichlet-Neumann map 
for a suitable local elliptic problem posed on the upper halfspace See also also 

[2T1 [Ml [33] . where this observation appears in the contexts of conformal geometry and 
stochastic processes, respectively. 

Let s € (0, 1) be given. For a measurable function / : R N — > R, we define its s-Poisson 
extension to the upper halfspace by setting 

(4-1) (£J)(x,t)= f P s (x-y,t)f(y)dy. 

JR N 

Here the generalized Poisson kernel P s (z, t) of order s is given by 

( 4 - 2 ) P s {z,t) = -^k s (j) , where k s (z) = ° N ' n * n+2b , 

eve/ (1 + \z\ z ) 2 

where the constant cn, s > is chosen such that J RN k s dz = 1 holds. Under suitable as- 
sumptions on/ (see, e. g., HUH]), it is known that w(x, t) = (£ s f)(x,t) solves the degenerate 
elliptic boundary-value problem 



(4.3) 



div {p-^Vw) = 
w = f on dR+ +1 . 

Here the boundary condition is understood in some suitable sense of traces; see also Sect. [5] 
below. If / is sufficiently regular, then we have (in some approriate space) the convergence 

(4.4) lim t^dM^t) = -d s (-A) s f, 

t-s-o+ 

where d s > is the constant in (jl.4[) . Note that (|4.4p expresses the fact that (~A) S can be 
regarded as the Dirichlet-Neumann map for problem (|4.3[) with the weight f 1_2s . 

In the special case s = 1/2, the above observations reduce to the classical fact that, 
if / : K — > R is continuous and bounded, then the Poisson extension w = £1/2/ is 
the unique bounded harmonic function in ]R^^ continuous up to the boundary such that 
w(x, 0) = f{x). In fact, this result carries over to the whole range s 6 (0, 1), by results for 
the degenerate elliptic operator L s = div(i 1 ^ 2s V-) derived by Fabes et al. in [T7]; see also 

El eg. 

4.2. Monotonicity Formula. Let u € L ca (R N ) satisfy the assumptions of Theorem [T] 
By Proposition lB.il we have the regularity estimate u g C 1,/3 (R JV ) for some j3 G (0, 1). 

Next, we introduce the following convenient slight abuse of notation: Let u = u(x, t) with 
(x,t) G denote the s-Poisson extension of u = u(|a;|) to the upper halfspace R^ +1 . 

Since m(|x|) is radial on R N , we clearly have that its corresponding extension u = u(\x\,t) 
is cylindrically symmetric on K.^ +1 with respect to the i-axis. Using this fact, we can write 
the boundary problem (|4.3[) satisfied by the extension u as follows: 



N —1 a 



u u + -u t = 0, 



-d s t a u t + Vu = 0, on9R^ +1 , 

with the constant d s > taken from (jl.4p . Here and in the following, we use convention 
that a = 1 — 2s for s G (0, 1) given. 

Inspired by the work of Cabre and Sire [5] (see also [TU] for earlier work) for layer-type 
solutions, we introduce the function 

(4.6) H(r)=d s J^ -{u 2 r (r,t)~u 2 t (r,t)}dt~-V(r)u(rf, 

From the estimates in Proposition IB. 21 for the extension u — u(r,t), we deduce that H{r) 
is a well-defined and continuous function. Moreover, we see that 

(4.7) lim H(r) = 0, 

r— ^+00 
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p+oo ±a i i 

(4.8) H(0) = -d,J - u 2 (0,t)dt~-V(0)u(0) 2 ^--V(0)u(0) 2 . 

Note that (|4.7|l follows from lim r ^ +00 J + °° t a {u 2 - uf}(r, t) dt = by Proposition [R2] and 
the fact that linir^+oo V(r)u(r) 2 = 0, since V £ L°° and u(|a;|) — > as \x\ — > oo; see the 
remark following Theorem[T] To conclude (|4. 8[) . we just use the fact that u r (0, t) = holds 
by cylindrical symmetry. 

Let us first sketch the argument to prove Theorem Q] by a formal calculation. Recall 
that u{r) is a C 1 function. Furthermore, for the moment let us also assume that V is 
differentiable too (and not just weakly differentiable with V' £ L\ oc )- Assuming that we 
are allowed to differentiate under the integral sign in (|4.6p . we (formally at least) obtain 
by using equation (I4.5[) and integrating by parts (for details see below) that 

dff N — 1 C + °° 

(4.9) -T = - d s / i a u 2 r {r,t)dt-V'{r)u{rf < 0, 

dr r J 

since V ^ by assumption. Hence H(r) is monotone decreasing and we conclude that 

(4.10) - lv(0)u(0) 2 > iJ(0) ^ ff(r) ^ lim F(r) = 0. 

Suppose now that u(0) = 0. Then equality holds in the above inequalities and therefore 
H(r) = and consequently dH/dr = 0. Now let us assume that N ^ 2 holds. Then, we 
conclude from (|43|) and V > that u r (r, t) ee holds. Hence u ee follows for iV > 2. (The 
proof for N = 1 is actually a bit more involved N = 1; see below). This completes the proof 
of Theorem [T] for N ^ 2, provided that we can differentiate under the integral sign in the 
expression for H(r). However, this is not guaranteed in general for u £ C 1, ^(IR^ +1 ), as one 
can check by inspection. To handle this technicality, we could impose more regularity on V 
to guarantee that u £ C 2, ^(R+ +1 ) holds (which would be sufficient to justify interchanging 
differentiation and integration). However, we will keep the weaker regularity conditions on 
V, by using a regularized version of the previous arguments as follows. 

Let -q £ C^°(R+) with ^ w ^ 1 be a nonnegative bump function with J +o ° i](u) du = 1. 
We dchnc an averaged version of H(r) given by 

r+°° rf\ df 

(4.11) ffav(r) = J H(f) V [~)- 

Clearly, the function H av (r) is differentiable and taking the derivative with respect to 
r interchanges with integration. Furthermore, by using change of variables, dominated 
convergence and the normalization condition / + °° f]{ u ) du = 1, we readily check that 

(4.12) lim H a Jr) = H(0) and lim H av (r) = 0, 

j — >0+ r— >+oo 

recalling that (|4.7p holds. Next, we claim the following fact. 
Lemma 4.1. It holds that 

K v (r) = ~ / + °° \d s ^l / + °° t a ul{f,t)dt+\v\f)u{rf) n (-)-. 

Jf=o I r Jt=o L ) \r/ r 

In particular, we have H^ v (r) $J and hence _ff av (r) is monotone decreasing. 

Remark. Note that V'(r) denotes the weak derivative of V. Since V £ C°' 7 (K ), we have 
V £ L\ oc (M. N ). 

Proof. First, we note that 

K v (r) = l +C ° H(f)d r („ (;)) f - V(r) 

= - U £J | {u 2 - u 2 } (f , t) dt - \v{r)u{fA d f { V (I) } £ df - ~F av (r), 
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since d r {i](^)} — — df{r](^)}^. Next, by applying Fubini's theorem and integrating by 
parts with respect to f and applying Fubini's theorem again, we obtain 

r+oo f r+oo 

HLv( r ) = \ ds *° { U r u rr - U t U tr } (f, t) dt - V (f)u(f)u r (f) 

Jf=0 I Jt=0 




which is the desired formula. Notice that, in the first two steps, we used equation (|4.5I) . 
Also, note that lim t _> +00 t a u t u r = due to the decay estimates in Proposition IB.21 □ 

4.3. Completing the Proof of Theorem Q3 Assume that u(0) = holds. By (|4~T2l and 
(|4.8D . this implies that ff av (0) ^ 0. On the other hand, we have lim r __j. +00 H av (r) = by 
(I4.12p . Because iJ av (r) is monotone decreasing thanks to Lemma T4. 11 we conclude 

(4.13) #av(r) = and H' av (r) = 0. 
We discuss the cases A ^ 2 and A = 1 separately as follows. 

Case A ^ 2. Using Lemma T4. II and the assumption V'(r) ^ for a. e. r, we deduce that 

(4.14) / \ ul(r,t)dt\r)(~) — =0 for all r > 0. 

Since this holds for any 7/(-) e C^°(IR+) with ^ ^ 1 with / °° rj(u) du = 1, we conclude 
that u^.(r,t) dt — for almost every r. By continuity of u(r,t), this shows that 
u r (r,t) = and therefore u(r,t) only depends on t. But this implies u(r) = const, and 
hence u(r) = 0, because u(r) ->0asr-> +oo. This completes the proof of Theorem Q] for 
any dimension N ^ 2. 

Case A = 1. In this case, we have to provide some additional arguments, since the integral 
term in Lemma 14.11 containing u^(r,t) is absent when A = 1. In fact, by assuming that 
V > for a. e. r, we could easily derive from Lemma 14.11 that u = holds, using the 
potential term in that identity. However, we shall now give a proof that only assumes that 
V' ^ holds for a. e. r. 

Indeed, since we have H av (r) = (for any bump function 77 as above), we deduce that 
H(r) = 0. From (|4.8I) and the assumption that u(0) = 0, we deduce that 

r+00 

/ UtiO^t)^- 23 dt = 0. 

By continuity of u(r,t), this shows that «t(0, t) — for every t > 0. We now prove that 
this implies that u = as follows. Recall that u(r,t) is given by the s-Poisson extension. 
Thus, for every t > 0, we have 

/■ + °° t 2s u(y) 
( 4 - 15 ) u(0,t) = c rhs it2+y2){1+2s)/2 dy 

with some constant c„ !S > 0. By assumption u(y) is bounded and vanishes at infinity, which 
implies that lim f ^ +00 u(0,t) — from (|4. 15|) . (Indeed, for every e > there is an R £ > 
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such that \u(y)\ ^ Mx{\ y \^R s } + £X{\y\>R e }- Now plug this into the integral above and use 
the fact the integral of t 2s (t 2 + y 2 )~( 1+2s )/ 2 is finite and independent of t.) Recalling that 
Ut(0, t) — for every t > 0, we conclude that u(0, t) = for every t > 0. Thus, by repeated 
differentiation of (14. 15)) with respect to t > and choosing t = 1, we obtain that 

r + °° u(v) 

(4.16) ^ ___^__ dy = for every fcG N . 

Now, we define a function / on [0, 1] by /(1/(1 + y 2 )) = (2y) _1 (l + y 2 )~ ( ~ 1+2s)l2 u{y) and 
change variables to a = 1/(1 + y 2 )- This gives us 

(4.17) f a k f(a) da = for every fc G N . 

Jo 

Since / °° |/(a)| da = J °°(l + y 2 )~^ 1+2s ^ 2 \u(y)\ dy is finite, we see that f(a) da is a finite 
signed measure on [0, 1]. By Weierstrass' theorem and the Riesz representation theorem, 
we conclude from (|4.17[) that / = holds, which implies that u = 0, as desired. 

The proof of Theorem [1] is now complete. □ 

Remark. The proof of Theorem [1] actually shows that u ^ if and only if u(0) ^ and 
V(0) < 0. 



5. Nodal Bounds via Extension to M + 

The present section serves as a preparation for the proof of Theorem 2. We will 
derive oscillation bounds for radial eigenfunctions for fractional Schrodinger operators 
H = (— A) s + V on M w , where the potential V is assumed to satisfy a mild condition 
(i.e., V belongs to an appropriate Kato class.) As in [19], the strategy in the section is 
based on a related variational problem posed for functions on the upper half-space R^ +1 . 
This section follows the related arguments given in Q]5] for N = 1. Therefore, the following 
discussion will be rather brief and without details except when necessary. 

However, a decisive difference to will be that the oscillation bound for radial eigen- 
functions derived in Proposition 15.31 below will be not optimal in N ^ 2 dimensions. The 
reason for this is of topological nature stemming from the fact that the set \ {(0, t) : 

t > 0} is connected for N 2 in contrast to the case when N = 1. By an additional 
strategy, we will improve the oscillation bound stated in Proposition 15.31 in an optimal 
way, provided that the potential V additionally satisfies the additional conditions (VI) and 
(V2). This will be carried out in Section |S] below, where the proof of Theorem [5] will be 
given. 

5.1. Variational Formulation on R^ +1 . Let N 1 and s € (0, 1) be given. We consider 
a general class of fractional Schrodinger operators 

(5.1) H=(-A) s + V, 

where the potential V : l w -> E belongs to the so-called Kato class for {-A) s in R N . We 
shall denote this condition by V G K S (M. N ) in what follows. From [T^] we recall that a 
measurable function V : K. — > K belongs to K S (M. ) if and only if 

(5.2) lim ||((-A)'+£?)- 1 |^||| i -_,i-=0. 

E— >+oo 

For the readers less familiar with Kato classes, we list the following facts (see, e.g. [T2]). 

• If V G K S (M. N ), then V is infinitesimally relatively bounded with respect to (— A) s . 
Therefore H — (— A) s + V defines a unique self-adjoint operator on L 2 (R N ) with 
form domain H S (M ), and the operator H is bounded from below. 

• If V G LP(R N ) with some max{l, < p < +oo, then V G K S (R N ). 

• If V G L 2 ^) is an eigenfunction H = (-A) s + V with V G ^(R"), then ip is 
bounded and continuous. 
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Since H = (— A) s + V is real operator (mapping real functions to real functions), its 
eigenfunctions can be chosen real- valued, which we will assume from now on. 

Following [19], we now seek a variational characterization of the eigenvalues of H = 
(— A) s + V in terms of a local energy functional by using the extension to the upper half- 
space R^ +1 . From the previous section, we recall the definition 

(5.3) a = 1 - 2s 
for s e (0, 1) given. We introduce the functional 

(5.4) Sj(u) = d s [[ \S7u\ 2 t a dxdt+ [ V{x)\u{x, 0)| 2 dx 

JJR™ + 1 JR" 

defined for u e - H 1 '°(K.^ +1 ), where u(x, 0) denotes its trace on cM+ +1 (see below). As 
usual d s > denotes the constant from (11.41) . The space 'H 1 ' a (IR+ +1 ) is given by 

(5.5) W 1,0 (K^ +1 ) = {«£ H 1 ' a (M^ +1 ) : u(x, 0) G L 2 (R N )} 

Here the space "H 1,0 (K^ +1 ) is defined as the completion of Cq°(R+ +1 ) with respect to the 
homogeneous Sobolev norm 

(5.6) \\u\\li a =11 Nu\ 2 t a dxdt. 

By Hardy's inequality, we see that ?i 1,0 (IR^ +1 ) is a space of functions if < s < N/2 
(note for N 2 this holds true for all s £ (0, 1)), whereas for 1/2 ^ s < 1 when N = 1 
it is a space of functions modulo additive constants. (See also [T(|] for more details on 
this.) By adapting the arguments in [T5], it can be seen that there exists a well-defined 
trace operator T : H^ a (R^ +1 ) -> H S (R N ), where we often write (Tu)(x) = u(x,0) for 
notational convenience. Moreover, we have the sharp trace inequality 

(5.7) // Nu\ 2 t a dxdt^ -i f \{-&) s ' 2 Tu\ 2 dx. 
JJr™+ 1 d s J r n 

As an amusing aside, we remark that the constant on the right-hand side l/d s does not 
depend on the dimension N. Finally, we mention the following fact: 

(5.8) Equality holds in ([521) if and only if u = £ s f for some / E H S (R N ). 

Recall that £ s f = P s (t,-) * / denotes the s-Poisson extension of / : R N —> K to the upper 
halfspace R^ +1 . Regarding the proofs of (|5.7[) - (|5.8p . we remark that these assertions follow 
by an adaptation of the discussion in [E5]. We omit the details. 

Since we are ultimately interested in H = (— A) s + V with radial potentials V € K S (R N ), 
it is natural to introduce the closed subspace 

(5.9) ft^d( R + +1 ) = {ue 'H 1 ' a (R+ +1 ) : x ^ u{x,t) is radial in x G 1^ for a. e. t > 0}. 

Now we are ready to the following characterization of discrete eigenvalues ofH = (— A) s +V 
in terms of the local energy functional io(u) introduced above. See also [B] for a similar 
result for \/— A on the interval (—1,1). 

Proposition 5.1. Let N ^ 1, < s < 1, and V G K S {R ). Suppose that n ^ 1 is an 
integer and assume that H = (— A) s + V acting on L 2 (R N ) has at least n eigenvalues 

E 1 ^E 2 ^---<E n < inf a ess (H). 

Furthermore, let M be an (n—1)- dimensional subspace ofL 2 (M. N ) spanned by eigenfunctions 
corresponding to the eigenvalues Ex,... ,E n —\. Then we have 

E n = inf \sj(u) : u G 'H 1 ' a (IR+ +1 ), / \u(x, 0)| 2 dx = 1, u(; 0) _L m\ 

^ JR« > 

with Sj(u) defined in (15.4[) . Moreover, the infimum is attained if and only if u = £ a f with 
f G H S (R N ), where \\f\\ 2 = 1 and f £ M is a linear combination of eigenfunctions of H 
corresponding to the eigenvalue E n . 
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Finally, if V £ K S (R N ) is radial, then the same result holds true with L 2 (M. N ) and 
H 1 ' a (R I ^ +1 ) replaced by L 2 lid (R N ) and'H ra d(R+ )> respectively, and the eigenvalues counted 
in the corresponding subspaces. 

Proof. We argue in the same way as in [19] . That is, by (|5.7I) . we see that the infimum on 
the right-hand side is bounded from below by 

inf{ / \(-Ay/ 2 f\ 2 dx+ f V\f\ 2 dx:feH s (U N ),\\f\\ L2 = l,f±M\, 

where equality is attained if and only if u — £ a f ', as we conclude from (|5.8[) . The assertions 
now follow from the usual variational characterization for the eigenvalues of H . 

Finally, suppose that V G K S (R N ) is radial and let H = (-A) s + V act on L 2 ad (R N ). 
Now, we just note that if / G (L 2 ad n H S )(R N ) then £ a f G H^( K + +1 )> which follows from 
the fact that the convolution kernel P s (x,t) is a radial function of x G R . □ 

With Proposition 15.11 at hand, we now proceed by deriving bounds on the number of 
nodal domains for extension of eigenfunctions of H to the upper half-space R+ +1 . Recall 
that H = (— A) s + V is a real operator, and hence any eigenfunction can be chosen real- 
valued. Furthermore, we recall that any eigenfunction ip of H = (— A) s + V with V G 

K S (WL N ) is continuous. Therefore, its extension £ a ip belongs to C°(R+ +1 ) and we can 
consider its nodal domains, which are defined as the connected components of the open set 
{(x,t) G R+ +1 : (£ a ip)(x,t) ^ 0} in the upper half-space R^ +1 . We have the following 
result based on Q15] . See also [SI |3] for related results for \J — A on an interval. 

Proposition 5.2. Let N 1, < s < 1, and V G K S (M. N ). Suppose that n ^ 1 is an 
integer and assume that H = (— A) s + V acting on L 2 (M. N ) has at least n eigenvalues 

Ex < E 2 ^ ■ ■ • < J5„ < inf a ess (H). 

If ' ipn G H S (M. N ) is a real eigenfunction of H with eigenvalue E n , then its extension £ a '4>n, 
with a = 1 — 2s, has at most n nodal domains on R + +1 . 

Moreover, ifVG K S (WL ) is radial, then the same result holds true with L 2 (M. N ) replaced 
by ^radO^O an d £ H S (R N ) being a radial and real eigenfunction of H for the n-th radial 
eigenvalue . 

Remark. Note that the assertion about the case with radial potentials is an improvement 
in general: Suppose that V G K S (R N ) is radial. Let Ex < E 2 < . . . and let E{ &d < Ef d < 
. . . denote the discrete eigenvalues of H = (— A) s + V acting on L 2 (M. N ) and acting on 
L^ ad (K JV ), respectively. Then E n — E™ d for some m ^ n. 

Proof. This follows from a variational argument in the spirit of Courant's nodal domain 
theorem. We follow the arguments given in |19j . For the reader's convenience, we provide 
the details of the proof as follows. 

Suppose that £ a 4'n has nodal domains f2i, . . . , Q m C M^ +1 with m)n + l. Since £ a i[)n 
is continuous up to the boundary and tp n ^ 0, we see that % n dR+ +1 ^ for some 
j = 1, . . . , m. Without loss of generality, we assume that j = 1 holds. Now, we consider 
the trial function 

n 

(5.10) « = X)(£a^n)7jln,, 

where jj G R are constants and 1a denotes the characteristic function of a set A C 
R^ +1 . Note that u G 'H 1 - Q (R+ +1 ) with Vu = YTj=i{^ £ a^n)lj^n r Next, let M be 
an (n — l)-dimensional subspace of L 2 (M. N ) spanned by eigenfunctions of H with eigen- 
values E\,...,E n -\. We can choose jj G R such that it(-,0) _L M and ||u(-,0)||l2 = 1. 
Furthermore, following the arguments in fT9"] . a calculations yields that 

(5.11) ^H = A„V| 7 ,| 2 / \u{xM 2 dx = A„|| u (-,0)||| 2 = A B . 
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Thus equality is attained in Proposition 15.11 and hence u — £ s f, where / £ M x is a linear 
combination of eigenfunctions of H with eigenvalue E n . In particular, the non-trivial 
function u = £ a f satisfies 

(5.12) div(i a Vu) = in R^ +1 . 

Since u = in the open and non-empty set f2 n +i C R^ +1 , we conclude from unique 
continuation that u = on R+ +1 . But this is a contradiction. Hence £ a ip n has at most n 
nodal domains on R^ +1 . 

Finally, we assume that V £ ^(1*) is radial and we consider H = (— A) s + V acting 
in L^ ad (R N ). In this case, the previous arguments apply in verbatim way by replacing 
U 1m^ r n+i^ with Hl^R^ 1 ). Note that £ a ip n £ ?4£0R+ +1 ) whenever ij) n £ H S (R N ) is 
radial. Clearly, the nodal domains of £ a ip n are cylindrically symmetric with respect to the 
t-axis. In particular, the trial function u = Y^j=i (^aV'n)7jln j belongs to / H]^ 1 (R i ^ +1 ). 

The proof of Proposition 15 . 21 is now complete. □ 

5.2. An oscillation estimate. First, we define the number of sign changes of a radial and 
continuous function ip on M. N . 

Definition 5.1. Let ip £ C°(R N ) be radial and let M ^ 1 be an integer. We say that 
ip(r) changes its sign M times on (0, +oo), if there exist < ri < • • • < rM+i such that 
ip(ri) 7^ for i = 1, . . . , M + 1 and sign(0(ri)) = — sign(0(ri + i)) for i = 1, . . . , M . 

We can now state the following oscillation estimate. 

Proposition 5.3. Let N ^ 1 and < s < 1. Suppose that V £ K S (M. N ) is a radial 
potential and consider H = (— A) s + V acting on L^ ad (S. N ). Let E^ < inf o~ ess (H) be the 
second eigenvalue of H acting on L^ ad (R N ) and suppose that ip2 £ L 2 (M. N ) is a radial and 
real-valued solution of = E^ipz- Then 2 changes its sign at most twice on (0, +oo). 

Remark. In Section[6]below, we will show that 02 changes its sign exactly once on (0, +oo), 
provided the potential V satisfies the additional conditions (VI) and (V2). Note that in 
N = 1 dimension one can deduce a sharper bound as done in |19) . 

Proof. We follow the arguments in |19j by using nodal domain bounds for the extension of 
02 to the upper half-space R+ +1 . 

We argue by contradiction. Suppose that 02 (r) changes its sign at least three times on 
(0, +oo). Thus there exist < ri < r^ < r-j < r^ such that (after replacing 2 with —02 if 
necessary) we have 

(5.13) 2 (n)>O for i = 1,3 and 2 (n) < for i = 2,4. 



Now let 1-2 = £a "02 with a = 1 - 2s be the extension of 2 to R^ +1 . Since * 2 £ C°(R+ +1 ) 
with ^2(^,0) = ip2(x), we deduce from (|5.13[) that ^2 has at least two nodal domains 
on R^ +1 . Hence, by Proposition 15.21 below, we conclude that "J 2 has exactly two nodal 
domains in R^ +1 , which we denote f2+ and f2_ in what follows. 

Now we use the radial symmetry of ip 2 — 02 (M) on M. N , which implies cylindrical 
symmetry of Vf^ = "^(M, on R^ +1 with respect to the i-axis. Clearly, the nodal domains 
+ and fi_ are cylindrically symmetric sets with respect to the i-axis. Therefore, it suffices 
to consider the set N = {r ^ 0} x {t > 0} and likewise let £7± d = {(|x|, t) : (x, t) £ fl±} be 
the corresponding nodal domains of ^2 on Af regarded as a function of r = |x| and t. By 
continuity of we deduce that 

(5.14) (r i ,e)£Cl T ^ d for i = 1,3 and (n,e)En™ d for i = 2,4, 

for all e £ (0, £0), where £0 > is some sufficiently small constant. Furthermore, note that 
the sets fl± d C Af must be arcwise connected. From this fact and (|5.14l) we conclude that 
there exist two injective continuous curves 7+, 7- £ C°([0, 1]; AT) with Af = {r ^ 0} x {t ^ 
0} with the following properties. 

• 7+ (0) = (r 1; 0), 7+ (l) = (r 3 ,0) and 7+ (t) £ tt™ d for t £ (0, 1). 
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• 7 _(0) = (r 2) 0),7_(l) = (r 4 ,0) and 7 _(i) e f7 rad for t £ (0,1). 
Since r± < r 2 < r% < r$ holds, we conclude that the curves 7+ and 7 _ intersect in TV; e. g., 
this follows from applying [19l Lemma D.l]. But this contradicts £l+ d C fl™ d = 0. □ 

6. Proof of Theorem [2] 

Let N > 1 and s £ (0, 1). Consider the H = (-A) s + V acting on L^ d (R N ) where V 
satisfies the assumptions (VI) and (V2) in Section [5] By assumption, the operator H has 
at least two radial eigenvalues E\ ad < E™ 6 < infa ess (H) below the essential spectrum. 

For notational convenience, we let ?p(r) = ip2(r) denote the second radial eigcnfunction 
of H = (— A) s + V for the rest of this section. 

Since H is self-adjoint, we have the orthogonality (ip,ipi) = 0, where ipi = ipi(r) > 
is (up to a sign) the unique positive ground state eigenfunction of H (see Lemma IC.6I 
below). Thus tp{r) has to change its sign at least once on (0, +oo). On the other hand, by 
Proposition 15 .31 above, we conclude that ip{r) changes its sign exactly once or exactly twice 
on the half-line (0, +oo). To rule out the latter possibility, we use a continuation argument 
for the second radial eigenfunction of a suitable family of self-adjoint operators {Hk}k£[q,i] 
such that H K=0 = (— A) s + V, whereas H K= \ = — A + W is a classical Schrodinger operator 
with W being some attractive Gaussian potential to ensure that — A + W has to at least 
two negative radial eigenvalues. Before turning to the actual proof of Theorem [5J we work 
out the preliminaries of this continuation argument first. 

6.1. Continuation of Eigenfunctions. Recall that the radial potential V = V(r) satis- 
fies the conditions (VI) and (V2). Without loss of generality, we can assume that V(r) —> 
asr-4 +oo in what follows. Hence, by assumption, the operator H = (— A) s + V acting on 
L^ ad (R N ) has at least two radial simple negative eigenvalues £ , ™ d < E r 2 &d < inf a css (H) = 0. 
Since we shall employ a continuation argument in s, it turns out to be convenient to denote 

(6.1) H Q = (-A) S0 +V 

for the operator given in the assumptions of Theorem [5] 

For k £ [0,1], we introduce the following family of self-adjoint operators {i? K } K e[o.i] 
acting on L^ ad (R ) given by 

f for kg [0,1/3], 

(6-2) H K =! H^_ x for n £ (1/3,2/3], 

{ ff£>_ a for K £ (2/3, 1]. 

Here the sub-families {iJf } T e[0,i]> with i — 1,2,3, act on L^ ad (M. N ) and arc defined as 

(6.3) = (-A) So + V + tW for re [0,1], 

(6.4) = (-A) So + (1 - t)V + W for re [0,1], 

(6.5) = (-A)^-^ s ° +T + W for r e [0, 1]. 
Here W denotes the attractive Gaussian potential 

(6.6) W{x) = ~ge~ x \ 

where g > the is universal constant taken from Lemma[Xj] above. Note that H K= o = Hq 
and H K —\ = —A + W. By Lemma [A. 11 the operator H K = —A + W has at least two radial 
negative eigenvalues. We have the following result. 

Lemma 6.1. Let the family {i?«} K £[o,il acting on L^ ad (R N ) be defined as above. Then, for 
every n £ [0, 1] , each H K has at least two negative radial eigenvalues and the first two radial 
eigenvalues E\ &d < -E^k < are simple. Furthermore, let ip K £ L^ ad (M. N ) with \\iP k \\l 2 — 1 
denote the radial eigenfunction of H K for the second eigenvalue . Then, after possibly 
changing the sign ofip K , the following properties hold. 
(i) E$ ^ E^ d as k' ^ k. 
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(ii) %j} R i -> tp K in L 2 fl as k' — s- n. 

Remark. The previous lemma can be obviously generalized to the first radial eigenvalue 
E\% and its corresponding eigenfunction ipi,K (as well as higher eigenvalues and eigenfunc- 
tions if present.) However, we shall only need the second eigenfunction/eigenvalue in the 
proof of Theorem [2] below. 

Proof. The proof of Lemma 16. II is provided in Appendix [21 below. □ 

6.2. Completing the Proof of Theorem [2j Let {Hk}k<e[o,i} denote the family of oper- 
ators defined above. For notational convenience, we use the following notation 

H K = (-A) S * +V K . 

Recall that H k= q = (— A) s + V and H R —i = —A — ge~ x . Let if> K denote the second 
normalized radial eigenfunction of H K and let E K — E^ denote the corresponding second 
radial eigenvalue of H K . We have the following properties. 

(i) For k £ [0, 1), the function tp K (f) changes its sign exactly once or twice on (0, +oo). 

(ii) The function i/j k= i changes its sign exactly once on (0, +oo). 
(hi) Vv — > ip K in L 2 n L^ c as k' -> K. 

Indeed, property (i) follows from observations already made at the beginning of this section. 
Also, we deduce (ii) from classical ODE arguments, since ip K= i(r) is the second radial 
eigenfunction of the Schrodinger operator H K —\ = —A — ge~ x . Property (hi) is given by 
Lemma 16.11 above. 

Suppose now that ip( r ) — ip K= o(r) changes its sign exactly twice on (0, +00). We define 

(6.7) := sup {k G [0, 1) : ip K (r) changes its sign exactly twice on (0, +00)}. 

From properties (i) and (iii), we deduce that if ip K (r) changes its sign twice, then ip K+£ (r) 
changes its sign twice for e > small. In particular, this shows that > holds. 
Furthermore, we conclude that 

(6.8) -0k, (r) changes its sign exactly once. 

If otherwise ip Kt (r) changed its sign exactly twice, we would get a contradiction from the 
previous observation and the definition of > 0. 

Note that ip Kt G L 1 by Lemma [C.2I (i) if < 1 and by Lemma [C. 51 if = 1. Now, we 
claim that 

(6.9) / ij) K , dx = 0, 

Jul" 

and 

(6.10) / V K ^ K „dx = 0. 

For the moment, let us assume that these identities hold. By combining them, we find 

(6.11) / {V K ,(\x\)-V K ,(r*)}i) K ,(x)dx = 0, 

JR™ 

where > is such that ip Kt> (r) ^ for r G [0,7%) and ip K ,(r) ^ for r G [r*, +00) (and 
■0* does not vanish identically on both intervals). But since V\, is monotone increasing, we 
obtain a contradiction from (|6.11[) . Thus everything is reduced to proving (|6.9[) and (|6.10l) . 

We begin with the proof of (|6.10p . Since ip K (r) changes its sign twice in (0, +00) for 
K < K*, we can assume that, for some < r% tK < ri^ K < +00, 

(6.12) %j} K {r) > on [0,r llK ), %j} K {r) < on [ri ) «,r 2 , re ) ! ip K (r) > on [r 2 , K ,+oo), 

and ipK.( r ) does not vanish identically on each of these intervals. Since ip K G C° for all 
k G [0, 1] and ip K — > V«» m L"^ c as n — > and tp Kt (0) ^ by Theorem 1, we see that 
fi.K />0as/t->K t . Since V'k.M changes its sign exactly once, we conclude that we must 
have T2. K — > +00 as k — > ft*. Thus, for some < ri, re „ < +00, 

(6.13) ^„.(r) ^0on [0,r 1)B .), ^„.(r) < on [r 1)K „+oo), 
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where ip Ktt (r) does not vanish identically on each of these intervals. 

Next we note that V K (r) — > as r — > +00 and E K < 0. Hence, by Lemma [C. 2 1 (ii), the 
asymptotics of tp K {f) for k € [0, 1) (and hence s K < 1) are given by 

(6.14) ^„(r) =-A K ( f V K ip K dx] r - N - 2s * + o(r- N - 2s «) as r -► +00, 

with some positive constant A K > 0. In the case k = 1, we use Lemma TC. 5 1 to obtain the 
asymptotic formula 

(6.15) < l }) l (r) = -c(J Viipi dx^j r~^e" cr + o (r _i! ^e~ cr ) as r -> +00, 

with some positive constants C > and c > 0. 

In view of (|rTT4)) and (|6T5]> . we deduce for < k* s$ 1 from ([6TT2]) and (j6~T3)) that 

(6.16) / V^cfe^O for K e[0,K») and / V K , ip K , dx > . 
Next, we note that 

(6.17) / V K tp K -> / K.V'k. as k^k*. 

Assuming this convergence, we conclude from (|6.16[) that the claim (|6. 10[) holds. Hence it 
remains to prove (I6.17p . We discuss the cases ^ 2/3 and > 2/3 separately as follows. 

First, assume that € (0, 2/3] holds. In this case, we have s K — s Kr = sq is constant for 
all k ^ k*. Moreover, we have that E K ^ — A < with some constant A > 0, by continuity 
of k i — y E K and the negativity E K < 0. Also, we readily see that V K (x) + A ^ for all 
\x\ ^ R, where R ^ is some constant independent of k. Thus we can apply Lemma lC.2l to 
deduce the uniform decay estimate |?/; K (x)| < (x)~ N ~ 2s ° for k e [0,2/3]. Since ip K — ► ipK, 
in Lf£ c , this uniform decay bound implies that ip K — > ip Kt in L 1 . By the fact that V K V Kr 
in we deduce that (|6.17l) holds, provided that ^2/3. 

Assume now that g (2/3, 1]. Here we simply note that H K = (— A) s " + W, where the 

2 

fixed potential W — —ge~ x is smooth and of rapidly decaying. Recalling that ip K — > ip Kt 
in L 2 , we directly obtain (16. 17)) in this case. 

It remains to prove (|6.9p . Indeed, we integrate the equation for rp Km over R . This gives 

us 

(6.18) f (-A) s "*ip K „dx + [ V K „Tp*dx = E Km [ ^ K ,dx. 
Jr n Jr n Jr n 

Note that J" RN (— A) Sk *-0k, dx — holds, which follows from the Fourier inversion formula 
and the fact that (-A) s «* ip Kii £ L 1 . Recalling that E Kit ^ 0, we infer from (joTTUl) that 
also holds. This proves (|6.11[) and leads to the desired contradiction. 

The proof of Theorem [2] is now complete. □ 



7. Nondegeneracy of Ground States 

This section is devoted to the proof of Theorem [3] that establishes the nondegeneracy 
of ground states Q ^ for equation (|3.1j) . By Proposition 13.11 we can assume that Q — 
Q(\x\) > is radial without loss of generality. This proof of Theorem [3] will be divided into 
two main steps as follows. First, we establish the triviality of the kernel of the linearized 
operator L + in the space of radial functions. Here the oscillation result of Theorem [5] 
enables us to follow the ideas of [H] given for N = 1 space dimension. Furthermore, to rule 
out further elements in the kernel of L + apart from d Xi Q, with i = 1, . . . , N, we decompose 
the action of L + using spherical harmonics. In fact, this latter argument is based in spirit 
on an argument by Weinstein for this nondegeneracy of ground states for NLS in |37) . In 
our setting, we need certain technical adaptations to the fractional Laplacian using heat 
kernel and Perron-Frobenius arguments, which are worked out in Appendix [Cl 
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7.1. Nondegeneracy in the Radial Sector. First, we show that the restriction of L + 
on radial functions has trivial kernel. 

Lemma 7.1. We have (keri+) n L 2 . ad (R N ) = {0}. 

Proof. We argue by contradiction. Suppose that there is v E L 2 . ad (M. N ) with v ^ such 
that L + v = holds. Recall that, by assumption, the Morse index of L + is one. Hence 
must be the second eigenvalue of L + . From Theorem [5] we conclude that (up to changing 
the sign of v) there is some r* > such that 

(7.1) v(r) ^ for r E [0,7%), v(r) < for r E [r*, +oo), 

and v ^ on both intervals [0,r«) and [r*,+oo). Now, this fact puts us in the same 
situation, as if Sturm oscillation theory was applicable to the radial eigenfunctions of L + . 
Therefore we can follow the strategy of [IH] based on the nondegeneracy proof for NLS 
ground states in [13]. First, we note that a calculation shows that 

(7.2) L+Q = -aQ a+1 and L+R = -2sQ, 
where 

(7.3) R=—Q + x-\7Q. 

a 

Using the decay and regularity estimates for Q, it is easy to check that R E H 2s+1 {R N ) and 
hence Q and Q a+1 both belong to ranL + . However, the strict monotonicity of Q together 
with v _L ranL + leads to a contradiction as follows. For any fi E R, we have orthogonality 

(7.4) (v,Q a+1 -^Q) = 0. 

But by choosing now /i* = {Q(r*)) a with > from (|7.1|) . the fact that Q(r) > is 
monotone decreasing implies that v(r)(Q a+1 {r) — /j*Q(r)) ^ (with ^ 0) for all r > 0. 
But this contradicts (|7.4p and completes the proof of Lemma 17.11 □ 

7.2. Nondegeneracy in the Non-Radial Sector. Since Q = Q(\x\) is a radial function, 
the operator L + = (— A) s + 1 — (a + l)Q a commutes with rotations on R . In what follows, 
let us assume that N ^ 2 holds. (The arguments can be adapted with some modifications 
to the case N = 1; see [TH] for the proof of the nondegeneracy result in the one-dimensional 
setting.) Using the decomposition in terms of spherical harmonics 

(7.5) L 2 (R N ) = ®H i , 

we find that L + acts invariantly on each subspace 

(7.6) m= L 2 (M.+ ,r N - 1 dr)®y t . 

Here 3^ = span {Y£, m }m£M f denotes space of the spherical harmonics of degree i in 
space dimension N. Note that the index set Mg depends on I and N. Recall also that 
-&s»-iY t , m =£(£ + N- 2)Y e , M - 

For each I E A, the action of L + on the radial factor in He is given by 

(7.7) (L+,tf)(r) = ((-A e yf)(r) + f(r) - (a + l)Q»/(r), 

for / E C5°(R+) C L 2 (M. + ,r N ~ 1 dr). Here (— Ai) 3 is given by spectral calculus and the 
known formula 

(7.8) - A e = -— N ~ 1 9 + l ( e + N ' 2 \ 

dr 2 r dr r 2 

Technically, we consider (|7.8p as a self-adjoint operator in L 2 (R + ) defined as the Friedrichs 
extension of the corresponding differential expression acting on C^°(M+). 

Note that Lemma [7.11 above says that kerL + o = {0}. We now derive the following 
result. 

Lemma 7.2. We have kerL +! i = span{9 r Q} and kerL + j = {0} for £^2. 
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Proof. By differentiating equation (|3.1I) . we see that L + d Xi Q = for i = 1, . . . , N. Since 
d Xi Q = Q'(r)— £ Tie=i, we deduce that L+.iQ' = 0. Because of Q'(r) < by Proposition 
13.11 and the Perron- Frobenius property of ( see Lemma [C.6p . we deduce that is the 
lowest and hence nondegenerate eigenvalue of L +t \. Thus we conclude that kerL + .i = 
span {d r Q}. 

Finally, by Lcmma [C.71 we have the strict inequality L+ e > £+ i in the sense of quadratic 
forms for any I 2. Since is the lowest eigenvalue of £+,i, this implies that cannot be 
an eigenvalue of L+t for £ 2, which completes the proof of Lemma 17.21 □ 

7.3. Completing the Proof of Theorem |3J Let £ £ L 2 (R N ) satisfy £+£ = 0. By 
Lemma l7.ll and l7.21 we conclude that £ £ %£=i and that £ must be a linear combination 
of d xl Q,...,d Xn Q. □ 



8. Uniqueness of Ground States 

In this section, we give the proof of Theorem @] Thanks to the nondegeneracy result of 
Theorem [31 we can now closely follow the strategy developed in |19) . where uniqueness of 
the ground state Q — Q{r) > was shown for N = 1 space dimension. That is, by starting 
from a given radial ground state Q SQ — Q SQ (r) with sq £ (0, 1) given, we construct a branch 
s i — ^ Q s of radial ground state solutions to 

(8.1) (-A) S Q S + Q S - \Q s \ a Q s = in R N . 

The local existence and uniqueness of Q s for s close to sq follows from an implicit function 
argument, based on the invertibility of the linearized operator L + around Q So in the radial 
sector. Then, by deriving a-priori bounds from above and below for Q s we will be able to 
extend the branch to s = 1, linking the problem to the classical case, where uniqueness and 
nondegeneracy of Q s =x is well-known; see [SUES]- Finally, we show the uniqueness of the 
branch Q s starting from the ground state Q So , which establishes the uniqueness result of 

Qs ■ 

For the reader's convenience, the following presentation will be mostly self-contained. 
Opposed to |19j , the flow argument in s will be carried out with fixed Lagrange multiplier 
in (|8.ip . That is, the zeroth order term in (|8.1[) is Q s instead of X S Q S as in [T9; with 
some function A s depending on s. In fact, the approach with X s = 1 taken here will turn 
out to be advantageous due to two reasons: First, the derivation of a-priori bounds will 
become more transparent. Second, the generalization of the flow argument for more general 
nonlinearities than pure-power nonlinearities will be more straightforward (to be addressed 
in future work). 

8.1. Construction of the Local Branch. We start with some preliminaries. Let N ^ 1, 
s € (0,1), and < a < a*(so,iV) be fixed throughout the following. We define the real 
Banach space 

(8.2) X a :={f e L 2 {R N ) n L a+2 (R N ) : f is radial and real- valued}, 
equipped with the norm 

(8-3) \\f\\x« ■= ||/||l» + II/IU-+>. 

For s € [so, 1), we consider Q £ X a that solve in the sense of distributions the equation 
(8.4) (-A) S Q + Q- \Q\ a Q = in R N . 

By a bootstrap argument, it is easy to see that indeed Q £ H 2s+1 (R N ) holds. Nevertheless, 
we prefer to discuss solutions Q in X a , since the space will be a natural s- independent choice 
when we below construct a local branch Q s parametrized by s £ [so, 1). Note also that, at 
this point, we do not assume that Q £ X a is necessarily a positive solution of (|8.4j) . 

Proposition 8.1. Let N ^ 1, < sq < 1, and < a < a*(so,N). Suppose that 
Qo £ X a solves equation (|8.4I) with s = sq. Moreover, assume that the linearization 
L + = (-A) S0 + 1 - (a + l)\Q Q \ a has trivial kernel on L 2 ad (R N ). 
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Then, for some S > 0, there exists a map Q G C (I;X a ) defined on the interval I = 
[sq, so + S) such that the following holds, where we denote Q s = Q(s) in the sequel. 

(i) Q s solves (fgl| for all s E I. 

(ii) There exists e > such that Q s is the unique solution of (|8.4[) for s € I in the 
neighborhood {Q E X a : \\Q — Qo\\x a < In particular, we have that Q s= o = Qa 
holds. 

Remarks. 1.) By standard arguments, the operator L + has a bounded inverse on X a if 
L + has trivial kernel on L^ ad (M. N ). 

2. ) We could also construct a local branch Q s for s E (sq — 8, so] with some S > small. 
But since we are ultimately interested in extending the branch Q s to s — 1, we shall only 
consider the case s ^ so- 

3. ) Recall that, in contrast to |19) . we do not introduce a Lagrange multiplier function 
A s depending on s in 



Proof. As in [19j . we use an implicit function argument for the map 

(8.5) F:X a x [ So , So + 6)^X a , F(Q,s) = Q- ,_^ a + 1 \Q\ a Q- 

Clearly, we have that F(Q, s) = if and only if Q E X a solves (|8.4[) and, by assumption, 
we have F(Qo,sq) — 0. Moreover, following the arguments in [12], we can show that F is 
well-defined map of class C 1 . Next, we consider the Frechet derivative 

(8.6) d Q F(Q Q ,s ) = l + K, with K = - — L — (a + l)|Qoi a - 

Note that the operator if is compact on L ra d(K Ar ) and we have that — 1 ^ <r(i4T) , which 
follows from the fact that is not an eigenvalue of L + = (— A) s ° + 1 — (a + l)|Qo| a - 
Moreover, we check that K maps X a to X a and that the bounded inverse (1 + K)^ 1 exists 
on X a . Hence the Frechet derivative dqF has a bounded inverse on X a at (Qo,so)- By 
the implicit function theorem, we deduce that the assertions (i) and (ii) of Proposition 18.11 
hold for some 5 > and s > sufficiently small. □ 

8.2. A-Priori Bounds and Global Continuation. We now turn to the global extension 
of the locally unique branch Q Sl with s E [sq, so +<5), constructed in Proposition 18 . 1 1 above. 
Again, we follow the general strategy derived in [T!5] for the N — 1 case. However, since we 
work with fixed Lagrange multiplier in (18.11) , the arguments below will differ from those in 

M- 

For the following discussion, we first recall that 2V^l,0<so<l> an d < a < 
a*(so,N) are fixed. Furthermore, we suppose that Qq E X a is fixed and satisfies the 
assumptions of Proposition 18.11 Correspondingly, let denote Q s E C 1 (/;A Q ) with / = 
[so,So + 5) the unique local branch given by Proposition 18.11 We consider the maximal 
extension of the branch Q s with s E [so, s*), where s* is given by 

(8.7) s* := sup {so < s < 1 : Q s E C 1 ([s , s); X a ) and Q s satisfies the assumptions 

of Proposition IQ1 for s E [so,s)\. 

Our ultimate goal will be to show that = 1 holds if Q Sa = Qq is a ground state solution of 
(18.41) . To do this, we derive a- priori bounds along the maximal branch Q s with s E [sq, s*). 
Before we proceed, we introduce some shorthand notation for the rest of this section. 

Convention. We write X < Y to denote that X CY with some constant C > that 
only depends on N,cx,sq, and Qq. As usual, the constant C > may change from line to 
line. Furthermore, we use X <~ Y to denote that both X < Y and Y < X hold. 

As essential step, we derive the following a-priori bounds. 

Lemma 8.1. We have the a-priori bounds 

\Qs\ 2 ~ [ |(-A)*/ 2 Q S | 2 ~ / \Q s \ a+2 ~l 
i« Jm N Jr n 
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for all s G [sq, s*). 

Proof. We divide the proof into the following steps. 

Step 1. Lower bounds. It is convenient to use the following notation 

(8.8) M s = [ \Q S \\ T. = f \(-A)^ 2 Q s \ 2 , V. = [ \Q s \ a+2 , 



for s G [sq, s*). We first claim that 

(8.9) M s ~ T s ~ V s . 

To see this, we integrate equation (|8.4I) against Q s and x ■ VQ S , respectively. (Note that, 
by some straightforward estimates, we have x ■ VQ S G H s .) This yields 

(8.10) T S + M S = V S . 

Moreover, by using the fact that [V • x, (— A) s ] = — 2s(— A) s , we obtain the Pohozaev-type 
identity 

(8.11) ^£t, + "m "v.. 

2 2 a + 2 

Combining (|8.10l) and (|8.1ip . some elementary computations lead to (|8.9[) . 

Next, from the fractional Gagliardo-Nirenberg-Soblev inequality (|3.4p we derive that 

Na a + 2_N_a 

M, 2 > 1 



V s 

which follows from the fact that the optimal constant in (I3.4[) can be uniformly bounded 
with respect to s sq with sq fixed; see, e. g., Lemma A. 4 in [TH] and its proof for N = 1 
dimension; the adaptation to N 2 poses no difficulties. In view of (|8.9p . we see that 

(8.12) M s ~ T s ~ K > 1, 

i.e., the quantities are uniformly bounded away from zero. Thus it remains to find an 
upper bound on M s , say. To do so, we need a uniform regularity result established next. 

Step 2. Regularity. We claim that 

(8.13) \\(-A) s -^T2jQ s \\ L 2 <V^ . 

(This is a regularity statement since s — aN/A(a + 2) > s/2 for s so, thanks to the 
condition a < a*(,so,iV). However, the point here is that the constant here is independent 
of s.) Indeed, from the identity Q s = ((— A) s + l)~ l \Q s \ a Q s and Plancherel's identity, we 
deduce that 

(-Af 



(8.14) ||(-A) £ Q S || L2 = 



-\Qs\ a Qt 



(-AY + i 

for any t 5* 0. In particular, the choice 
(8.15) t Na 



< \\(-Ay- s (\Q s \ a Qs)\\LZ 

L 2 



4(q + 2) 

satisfies s > t > s — sq/2 ^ sq/2 thanks to the condition a < a*(so,N) ^ a*(s,N) for 
s ^ sq. For this choice of t, the operator (— A)*~ s on is given by convolution with 
| ;e |-a(q+4)/(2(q+2)) U p ^ Q a mu itipficative constant depending only on a and N. Hence, by 
the weak Young inequality, 

(8.16) ||(-A)*Q S |U 2 < \\\x\-m * {\Q s \ a Q s )\\ L , < \\\Qs\ a+1 \\ = V%& , 

L " + 1 

which is the claimed bound. 

Next, we deduce from (|8.13l) that 

(8-17) (Q S) (-A) s log(-A)Q s )<F^. 

Indeed, this simply follows by noting that for our choice of t, the constant C in the inequality 
(8.18) log(|e| 2 ) < C\^- 2s , 
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can be chosen to depend only on a and so- 

Step 3. Upper bounds. To obtain an upper bound on M s , it clearly suffices to prove that 
(8-19) -f f \Q S \ 2 < f \Q S \ 2 . 

We have 

(8.20) — / |Q S | 2 = 2(Q S ,Q S ) 

as j k jv 

with Q s = ^p-. Differentiating equation (18.41) . we see that Qs satisfies the inhomogeneous 
equation 

(8.21) L+Q s = -(-A) s log(-A)Q s 

with L + = (-A) s - (a + l)\Q s \ a + 1. The inhomogeneity (-A) s log(-A)Q s belongs 
to L 2 ad {R N ). (Recall the regularity result Q s e iJ 2s+1 (M™).) Since L+ is invertible on 
L 2 ad (R N ) and self-adjoint, we obtain the identity 

d_ 

ds . 

A calculation, by using once again regularity and recalling (|7.2[) . shows that 



• j \Q S \ 2 = -2(L^Q S , (-A) s log(-A)Q s ) . 



(8.22) L + R = -2sQ s , with R := ^ 

Therefore, we conclude that 



2s 2s 

[3^Q s {l3x) = —Q s + x-\7Q s 
p=i a 



-f f \Q S \ 2 = - (R, (-A) s log(-A)Q s ) = - ( j- (3^Q S ((3-), (-A) s log(-A)Q s ) 
ds J s s \dp p=i J 

_ x (p%Q a {P-), (-A) s log(-A)/3^g s (/3-)) 

l4(Ol 2 l£l 2s i°g(/3 2 l£lW 



/3= 



1 d 

~ 2s"d/3 
1 d 
~ Ts~df3 

= Ys{ir^ + 2s ~ N ) (^»(- A ) S1 °g(-A)Q s )+2(Q S) (-ArQ a 

In the third step above, we used the self-adjointness of (— A) s log(— A); whereas the fourth 
step follows from Plancherel's identity and a change of variables. Note that all the manip- 
ulations here arc well-defined, thanks to the regularity of Q s € H 2s+1 (M. N ). 

We observe that the constants (77 + 2s — N) and i- are uniformly bounded from 
above for s £ [sq, s»). Therefore the bound (18. 13[) from Step 2 implies that 

^ / \Qs\ 2 < Vr^ 2 +T S < + M s < M s . 

In the last step, we used (|8.9[) together with the lower bound M s > 1 derived in Step 
1 . This finishes the proof of inequality (|8.19p , and hence the proof of Lemma 18.11 is now 
complete. □ 

Lemma 8.2. Suppose that Q so (|a;|) > is positive. Then, for all s € [so;S*)> we have 

Q s (|x|)>0 for xeR N , Q,(\x\) < \x\- N for \x\>l. 

Remark. By Proposition ^. 1[ we have the improved bounds Ci(x)~ N ~ 2s <n,s Qs(x) <n,s 
C2{x)~ N ~ 2s . However, the point here is to obtain bounds that are uniform in s. 

Proof. The positivity of Q s (|a;|) > for s <E [so,s*), provided that Q So (|a;|) > initially 
holds, can be inferred from spectral arguments. That is, we note that Q s is the ground 
state of the linear operator A s = (— A) s ° + 1 — \Q\ a . For s = sq, this follows from the 
assumption that Q So (x) > holds and that A s enjoys a Perron-Frobenius property; see 
Lemma IC. 61 Since A s i — > A s as s' — > s in the norm resolvent sense, we deduce that Q s is 
the ground state eigenfunction of A s for s E [sq, s*). Hence we deduce that Q s (x) > for 
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s G [sq, s*). See |19[ Lemma 5.5] for details in N — 1 dimensions, but the generalization to 
TV 2 is straightforward. 

Once the positivity of Q s (x) > is established, we now derive the uniform decay bound 

(8.23) Qs{\x\) < \x\- N for \x\ > 1. 

First, recall that Q s G L 1 holds by Proposition 13.11 Integrating equation (|3.ip over 
and using the fact that J RN (—A) S Q S = holds, we obtain the identity 

(8.24) f Q s = [ Q a +\ 

JR N JR N 

a 1 

By Holder's inequality, we have that J RN < (J RN Q" +2 ) a+1 (J &N Qs) a+1 ■ Using the 

a- priori bound from Lemma 18.11 we deduce the uniform bound 

(8.25) f Q s ^ [ Q" +2 <1- 

By Proposition 13. 11 the function Q s (x) > is decreasing in |a;|. Hence, for any R > 0, 

(8.26) f Q s > f Q S (R) > R N Q S (R). 

Jr n J\x\^r 

In view of (|8.25|) we conclude that (|8.23[) holds, completing the proof of Lemma \8. 2 1 □ 

We conclude this subsection with the following convergence fact. 

Lemma 8.3. Let {s n )^Li C [so,s*) be a sequence such that s n — > and suppose that 
Qs n {\x\) > for n €N. Then, after possibly passing to a subsequence, we have Q Sn —> Q* 
in L 2 (M. N ) H L a+2 (R N ) as n — > +oo. Moreover, the function Q*(\x\) > is positive and 
satisfies 

(8.27) (-A) S *Q* +Q„ -Q? +1 =0 m R N . 

Proof. Let Q n — Q Srl in the following. Recall the uniform bound ||Q rl ||//so < 1 by the 
a-priori bounds in Lemma I8TT1 Passing to a subsequence if necessary, we have Q n — 
weakly in i? s °. Furthermore, by local Rellich compactness, we can assume that Q n — > in 
ij oc and pointwise a. e. in R . Thanks to the uniform decay bound in Lemma 18.21 we can 
upgrade this to Q n —> Q* strongly in L? . Next, the condition a < a*(s ,N) and Sobolev 
embeddings ensure that ||Q n ||ip ^ 1 with some p > a + 2. Thus, by Holder's inequality, 
we deduce that Q„ -> in L Q+2 (R JV ). 

Finally, we note that the limit Q*(|x|) > is a positive function in L 2 (R N ) n L Q+2 (M JV ) 
and satisfies equation (|8.27p . Indeed, since Q n (|a;|) > and Q n — > pointwise a. e. on 
M. N , we deduce that <3*(|x|) ^ 0. Furthermore, thanks to the uniform lower bounds in 
Lemma [8.11 and Q n — > in L 2 , we obtain that Q* ^ 0. Moreover, by passing to the 
limit in the equation satisfied by Q n , we deduce that (|8.27|l holds. But this shows that 
= ((-A) s * + l)- 1 Q a+1 . Since the kernel of ((-A) s * + l)" 1 is positive (a classical fact 
for = 1; for < 1, see Lemma [C. II) . we obtain that Q*(|x|) > as well. □ 

We conclude this subsection by showing that s* = 1 holds, if the branch Q s starts at a 
ground state. 

Lemma 8.4. Let Q SQ = Q So (\x\) > be a ground state solution of (|3.1[) . Then its maximal 
branch Q s with s G [so,s*) extends to s* = 1. 

Proof. By Lemma T8.21 we have Q s (|x|) > for all s E [sq,s*). We consider the linearized 
operators along the branch 

(8.28) L+, s = (-A) s + l-(a + l)Q«. 

By an adaptation of the arguments in [T!j], we see that the Morse index of £+. s acting on 
L 2 ad (R N ) is constant, i.e., 

(8.29) A/L, rad (i + , s ) = 1, for s G [s 0) s*). 
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Consider now a sequence s„ — > s* with s n < s* and let Q n = Q Sn . By Lemma 18.31 we 
see that Q n — > Q* in L 2 n L a+2 and > satisfies equation (|8.27|) . Suppose now 

s* < 1 holds. We claim that is a ground state solution for (|8.27|) . which would yield a 
contradiction, since the nondegeneracy result in Theorem [3] would imply that the branch 
Q s can be extended beyond < 1. 

That is a ground state solution can be directly seen as follows. Let denote its 
corresponding linearization 

(8.30) L+, t = (-A) s * +i-( a +l)Q° 

Following the discussion in [15], we conclude that L +ySn in the norm resolvent 

sense. By the lower semi-continuity of the Morse index with respect to this convergence, 
this shows 

(8.31) liminfAL rad (L +i „) > A/L rad (L +> *). 

On the other hand, if we integrate equation (|8.27[) against Q*, we see that (Q*, L+,*Q*) = 
—a J \Q*\ a+2 < 0. Thus, by the min-max principle, we conclude that acting on 

L 2 ad (M N ) has Morse index equal to one. Hence Q*(|x|) > is a ground state solution 
to (|8.27[> in the sense of Definition 13.11 Therefore L* has trivial kernel on L 2 ad (M. N ) by 
Theorem [3J In particular, the branch Q s could be extended beyond s*, if s* < 1 was true. 
Hence s* = 1 holds. □ 

8.3. Completing the Proof of Theorem ffl Let N > 1, < s < 1, and < a < 

a±(so,N) be fixed. Suppose that Q So = Q So (\x\) > and Q So = Q So (\x\) > are two 
radial positive ground states for equation (|3.1I) with s = sq and Q S(I ^ Q So . 

By Theorem [3l we conclude that Q SQ £ X a and Q So £ X a both satisfy the assumptions 
of Proposition 18.11 By Lemma |8.4[ both branches extend to s = 1; i.e., we have Q s £ 
C l ([s ,l);X a ) and Q s £ C 1 ^, 1); X a ). Moreover, we deduce that Q s ^ Q s for all 
s £ [sq,1) from the local uniqueness in Proposition 18.11 Furthermore, by Lemma 18.31 and 
s* = 1, we deduce that Q s — > and Q s — > in i 2 nL Q+2 as s — > 1 with s < 1. However, 
it known that uniqueness holds for the positive radial solution Q,(|x|) > in L? n L a+2 
solving 

(8.32) - AQ* + - = in R N . 

For this result, see Kwong for JV ^ 2, whereas for iV = 1 the unique solution is in 
fact known in closed form (see, e.g., [H]). (Note that a direct bootstrap argument shows 
that Q £ C 2 holds and thus the result is applicable.) Therefore, we have Q* = Q* 
and hence \\Q S — Q s \\L 2 nL a + 2 -> as s -> 1 with s < 1. But it is also known that 
has nondegenerate linearization = —A + 1 — (a + 1)Q". In particular, the operator 
= -A + 1 - (a + 1)Q° is invertible on L 2 ad (IR w ); see [HI [□]. Thus, by an implicit 
function argument in the spirit of the proof of Proposition l8.ll there exists a unique branch 
Q s £ C 1 ((l — e, l]-.X a ) solving (18.41) around Q s _ 1 = Q* with some small e > 0, which 

contradicts Q s ^ Q s for all s £ [s , 1). 

The proof of Theorem [4] is now complete. □ 



Appendix A. Continuation of Eigenfunctions 

In this section, we prove some technical results needed in the proof of Theorem O 

Lemma A.l. Let N ^ 1. There is some constant g > such that, for any s £ (0, 1], the 
operator H — (— A) s — ge~ x has at least two negative radial eigenvalues. 

Proof. The variational principle (see, e.g., [29j Theorm 12.1]) says that if there exist two 
radial, orthonormal functions ipi,ip2 £ H S (R N ) such that the two-by-two matrix 



■ 2 
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has two negative eigenvalues, then also the operator (— A) s + W has two negative radial 
eigenvalues and they are bounded from above by the eigenvalues of the matrix. 
We take the radial functions 

^(x) = ir- 1 ^* 2 / 2 , ip 2 (x) = (NTt N / 2 /2y 1/2 (x 2 - N l^e^ I 2 . 

These two functions are orthonormal. (They are the first two radial eigenfunctions of 
the harmonic oscillator in N 1 dimensions.) Consider the matrices — (tf^) and 
= (v$) with 

and note that = tjy and u^. = ujy . By orthonormality, the matrix l/( e=0 ' is the 
identity matrix. Since the matrix is symmetric and depends continuously on e, for all 
e > sufficiently small, both eigenvalues are strictly positive. From now on, let this value 
of e be fixed. We denote the corresponding positive eigenvalues of by < fio ^ fix. 

Next, we observe the simple fact that the entries of are uniformly bounded with 
respect to s £ (0, 1]. That is, there is a constant C > such that sup-^j j^ fc \t^\ < C for 
all s £ (0, 1]. Hence the eigenvalues of — gV lie in the intervals [—gfij — C, — gfij + C] 
for any s € (0, 1]. Thus both eigenvalues of — gV are negative for g = 2C/ fiQ. 

By the variational principle, we conclude that the operator (— A) s — ge~ ex has two 
negative eigenvalues. By scaling, this means that (— A) s — e~ s ge~ x has two negative 
eigenvalues. We may assume that e ^ 1 holds. Then, by the variational principle, the 
eigenvalues of (™A) S — e~ s ge~ x are not smaller than those of (— A) s — ge~ x with g — e _1 g. 
This completes the proof of Lemma IA.1I □ 

A.l. Proof of Lemma 16. 11 First, we show that H K has two radial and simple eigenvalues 
e \ & k < < °- For s G (0: !)> the simplicity of follows from Theorem^ For s = 1, 
the simplicity of radial eigenvalues of H = — A + W follows from classical ODE arguments. 
Hence it remains to show the existence of Ex~ < E% < 0. In view of (|6.2p . it suffices to 

prove this fact for each of the families with i = 1, 2,3 given in (|6.3p - (|6.5p . 

Indeed, we note that < H Q = (-A) s ° + V for all k £ [0, 1], since we have W < 0. 
By assumption on Hq and the min-max principle, we conclude that has at least two 

( 2) 

radial negative eigenvalues for all n € [0, 1] . Likewise, we see that Hk J < (-A) s ° + W for 
all k € [0, 1] because of V ^ 0. By Lemma [A. II and the min-max principle, we deduce that 
has at least two radial negative eigenvalues for all k £ [0, 1]. Finally, we directly see 
from Lemma [A. II that has at least two radial negative eigenvalues for all k € [0, 1]. 

Next, we prove the properties (i) and (ii). Let n £ {1,2} be fixed. For notational 
convenience, denote E K = E™^ and ifi K = tp2,n m the following. (The proof below identically 
works for E^ and ipx,K, but we do not need this here.) 

First, we remark that property (i) (i. e. continuity of eigenvalues) follows from standard 
spectral theory, since the self-adjoint operators converge H K > — > H K in the norm resolvent 
sense as k' -> k. That is, for any z £ C with Im z ^ 0, we have 

(A.l) \\{H K , - z)- 1 - {H K ~ z^W^^^O as «' -> k. 

We omit the straightforward details of the proof of this fact; see [19] for N = 1 dimension. 

To show property (ii), let P K : L 2 —> L 2 denote the corresponding projections onto the 
eigenspaces of H K with discrete eigenvalues E K , By Riesz' formula, we have 

(A.2) p k = -L£ {H K -z)- l dz, 

where r K parameterizes some circle in C around E K £ M with radius r > sufficiently 
small such that {z £ C : \z - E K \ < r} n cr(H K ) = {E K }. From (|A.2[) . (|A.1|) and property 
(i), we can deduce that \\P K ' — P k \\l 2 ^l 2 as k' ^ k. Since ran(P K ) is spanned by 
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ip K , it is easy to see that (after changing the sign of i/v if necessary) that the L 2 -operator 
convergence of the eigenprojections P K imply that the normalized eigenfunctions satisfy 

(A.3) ip K , -> V K in L 2 (R N ) as «' -> K. 

Next, we note that \E K \ ^ C by property (i) and that || V^||l°c ^ C uniformly in k G [0, 1]. 
Hence, by applying Proposition IB.3I for n G [0, 2/3] with s = sq, we deduce 

(A.4) UnWco.fi for K G [0,2/3], 

in the range k G [0, 2/3] with some constant C > independent of n and any < f3 < 2sq 
fixed. For re G (2/3, 1], we recall that H K = (-A) s * + W with s K G [s , !]■ Since the fixed 
potential W G 5(R JV ) belongs to the Schwartz class, we can easily bootstrap the equation 
H K il) K = E K ij} K to see that IIV^Hi?™ %m 1 for any m ^ and k G [2/3, 1]. Choosing some 
fixed m > N/2 + 1, we deduce from Sobolev embeddings that the uniform Holder bound 
(IA.4I) holds in fact for all n G [0, 1], by changing C > if necessary. From (|A.3|) and (|A.4|1 . 
we obtain the convergence 

(A.5) Vv->^ in L^ C (R N ) as k' -»• k. 

The proof of Lemma 16. II is now complete. □ 



Appendix B. Regularity Estimates 

B.l. Holder Estimates. Let N ^ 1 and < s < 1 be fixed throughout the following. We 
consider the linear equation 

(B.l) {-A) s u + Vu = in R^, 

We assume that the potential V : R. N — > K satisfies the regularity condition: 

(B.2) V G L°° (R N ) if s > I and V G C 0,7 ^) if < s < | with some 7 > 1 - 2s. 

Concerning the linear equation (jB.ip . we have the following regularity result. 

Proposition B.l. Suppose that V satisfies (|B~2l) . If u G L°° (R N ) solves (|B~T|) . tten 
it G C 1 ' f3 (R N ) with some $ G (0, 1). 

Proof. This fact is a direct consequence of Schauder-type estimates for (— A) s derived in 
[35j . Indeed, we note that (— A) s u = w with w — —Vu in L°°{R N ). By [33], this implies 
that u G C 1 ' I3 (R N ) for any /3 G (0,2s - 1), provided that s G (±,1) holds. It remains 
to consider the case s G (0, |]. Here, we note that it G C°>@(R N ) for any /3 G (0,2s) if 
s G (0, |], by [35]. Therefore (-A) s u = w with some w G C°< a (R N ) with a = min{7,/3}. 
Furthermore, by [3S], this yields the following. 

• If a + 2s < 1, then u G C 0,O(+2a (R JV '). 

• If a + 2s > 1, then u G C 1 ^^^ 1 ^). 

Since 7 > 1 — 2s by assumption, we can repeat the above steps finitely many times to 
conclude that u G C 1J3 (R N ) for some /3 G (0, 1). □ 

We now turn to regularity properties and decay properties of the extension of u to the 
upper half-space which we still denote by u for notational convenience. 

Proposition B.2. Let u G L°°(R N ) be as in Provosition \B.1\ above. Then its extension 
u = u(x,t) satisfies the following properties, where C > denotes some constant. 

(i) For some < /3 < 2 min{s, 1 — s}, 

IMU, ( IJ+T) + IIV.UII^,,,^ + Wt^WcO,?^) < & 

(ii) For a// lei" and t > 0, 

\V x u{x,t)\ + \d t u(x,t)\ < j. 



UNIQUENESS OF RADIAL SOLUTIONS FOR THE FRACTIONAL LAPLACIAN 



20 



(iii) lfu(x,0) — ¥ as \x\ — > +00, then, for every R > fixed, 

Ml<*>[b+(w,o)) + ll V xu|| iDO(B + (Xi0)) + \\t a d t u\\ Lx , {Bi{x 0)) -> as |z| -> +oc, 

Proof. These results follow adapting the arguments in [9l Proposition 4.6 and Lemma 4.8]. 
We omit the details. □ 

B.2. i 2 -Eigenfunction Estimates. Let N 1 and < s < 1 be given. Suppose that 
V G L^ft") is a bounded potential and consider the fractional Schrodinger operator 

(B.3) H=(-A) s + V. 

We have the following Holder estimate for L 2 -eigenfunction of H. (The conditions on V 
could be relaxed to unbounded potentials, but we do not need this here.) 

Proposition B.3. If u G L 2 (R N ) solves Hu = Eu with some E G M, then u G C" J3 (R N ) 
for any < j3 < 2sq ^ 2s and we have 

\\ u \\c°-e ^,s ,N,E,\\V\\ L oo NU 2 , 

Remark. Since V G L°°(M. N ), we see that u G H 2s (R N ). Therefore, if 2s ^ 2s > N/2 
then u G L°°(B> N ) by Sobolev embeddings. Moreover, by the Holder estimates above, the 
result of Proposition IB. 31 follows for so > N/4. (A closer inspection of the proofs shows 
also the uniformity with respect to s ^ sq). However, to deal with the range < sq ^ N/4, 
we have to use some refined and different arguments, which we provide in the proof given 
below. 

To prepare the proof of Proposition IB . 3l we first need the following local estimate. 
Lemma B.l. For r > 0, let B r = {x G l w : |x| < r}. Suppose that u G L 2 (R N ) solves 

(-A) s u + u = / in B 2 , 
with some f G IP(Bi) and p G [l,oo). Then 

||w||i«(Bi) Ss ,N,p.q (\\f\\LP(B 2 ) + \\u\\ls) , 

for q G [l,p/(l - 2sp/N)) if 2sp < N and q G [l.+oo] if 2sp > N. 

Proof. Let ^ i) ^ 1 be a smooth function with rj(x) e 1 on B 1 / 2 and supp?7 C B\. 
Moreover, let G s denote the fundamental solution {(— A) s + 1}G S = So in K . We claim 
that 

(B.4) {(-Ay + 1}( V G S ) = 6 + ^ S , 

where (p s is a (smooth) function satisfying the uniform bound 
(B.5) < S0 1, 

for all s G [so, 1). To prove (|B.5I) . we first note the So occurs on the right side in (|B.4[) 
because of 77 = 1 in a neighborhood of the origin. Clearly, we have that ip s = {(— A) s + 
l}((»7-l)G a ). From [35] we recall that (~A) S is a bounded map from C 1 * 1 to C 1 ' 1 " 25 . (By 
inspecting the proof there, we see that the bound can be chosen uniform in s ^ sq > 0.) 
Clearly, the operator (— A) s + 1 enjoys the same properties, and hence we conclude that 

(B.6) \\<p s \\ L ~ s: Hp.lloi.i-* So ||(»/-1)G.||oi.i So 1, 



where in the last step we used the uniform bounds in Lemma IC.ll together with the fact 
1 — r) = on B\. Next, we claim the decay bound 

(B.7) Ws{x)\ So \x\' N - 2s . 

Since (p s G L°° , it suffices to derive this bound for \x\ > 2. Indeed, by the singular integral 
representation for (— A) s , we deduce for x ^ B2 that 

\{-mnG.){x)\=c.f ^M;dy 



B 2 \X-V\ 

^T^TTsi V(y)G s (y)dy< S0 \x\- N ~ 2s . 
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In the last step, we used that C s < So 1 holds together with the obvious fact that HGsIIl 1 = 
1. Furthermore, we have the pointwise bound \(r]G s )(x)\ < So |a;| _JV_2s by Lemma IC.ll 



Combining these decay bounds, we conclude that (|B.7j) holds. Finally, we combine (|B.6|) 
and (|B.7p to deduce the desired bound (|B.5p . 

Now, we are ready to come the main point of the proof of Lemma IB.ll Assume that 
u € L 2 (R N ) satisfies 

(-A) s u + u = f in B 2 , 

for some function / E L v (B-i) and some p E [l,oo). In what follows, we set f(x) = for 
\x\ > 2. For x E Bi, we compute 

u(x) = ([{(-A) s + l}(r)G s )} * u) (x) - (<p s * u)(x) 
= ( V G S * [{(-A) s + l}u]) (x) - (ip s * u)(x) 
(B.8) =(<nG s *f)(x)-( Vs *u)(x), 

where we used that r]G s is supported in B\ 1 and hence rj(x — y)G s (x — y)f(y) — for \x\ $J 1 
and \y\ > 2. 

Recalling the bound (|B.5p . we estimate the second term on right side in (jB.8[) as follows: 
(B-9) \\ip s * u\\ Lq{Bl) < \\ip s * u\\ L °o < So \\u\\ L 2, 

using Young's (or Holder's) inequality in the last step. For the first term on the right-hand 
side in (|B.8[) . we note that ||r?G s || TO < So , m 1 for any m e [l,N/(N - 2s)) if 2s ^ N and 
m € [1, +oo] if 2s > N. Thus, by Young's inequality, 

(B.10) \\vG s * f\\ Lq < ||ryG s || Lm ||/|| LP < So , m \\f\\ LP , 

where 

(B.ll) 1 + 1 = 1 + 1. 

q m p 

Because of the range of m, we can obtain any q £ [l,p/(l — 2sp/N)) if 2sp ^ N and 
q G [1, +oo] if 2sp > N. The proof of Lemma TB. II is now complete. □ 



Proof of Proposition \B.3[ Note that Hu — Eu can be written as 
(B.12) (-A) s u + u = Wu 

wiht W = E — V + 1 E L°°(M. ). By iterating the estimate in Lemma [B. 11 we obtain that 
u G Ly£ c for an increasing sequence 2 = q$ < q\ < ■ ■ ■ < q„ = +oo. Thus, after finitely many 
steps (bounded uniformly in s ^ so), we obtain that u E L^ C (M. N ) with ||u|j i oo( Bl ( :J , )) $C C 
for any xq E R N , where C > is independent of xq. Therefore, we deduce 

( B - 13 ) IMU=° S So ,E,\\V\\ L ^ \\ u \\l 2 - 

Finally, from [35], we see that (— A) s u = g with g E L 00 ^) implies the Holder bound 
(B-14) ||w|| c o,, < S(uE .\\v\\ L ~ \M\l>, 

for any f3 < 2sq ^ 2s, where the uniformity of these bounds for s ^ sq follows again from 
inspecting the proof in 35 . □ 



Appendix C. Miscellanea for H = (— A) s + V 

The purpose of this section is to derive regularity, decay, and asymptotic estimates for 
eigenfunctions of H = (— A) s + V that are uniform with respect to s and ||V||x,t». 
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C.l. Uniform Resolvent Bounds. As a technical result, we first collect some uniform 
estimates for the kernel of the resolvent ((— A) s + A) -1 on with A > 0. 

Lemma C.l. Suppose N ^ 1, < s < 1, and A > 0. Let G s ,\ € S'(R N ) denote the 
Fourier transform of (\£,\ 2s + A) -1 . Then the following properties hold true. 

(i) G S! a(M) > is radial, positive, strictly decreasing in \x\, and smooth for \x\ ^= 0. 

(ii) For any multi-index v € N , the pointwise bound 

\D u x G sA (x)\< S0 ^ \- 1 \x\~ N for \x\>0, 

holds uniformly for s € [sq, 1) with so £ (0, 1) fixed. 

(iii) It holds that 

lim \x\ N+2s G s ,x(x) = \- 2 C N , s 

\x\— >+oo 

with some positive constant Cn, s > depending only on N and s. 

(iv) G s ,a G L P (R N ) for all p G [l,+oo] with 1 - 1/p < 2s/N. Moreover, we have 
? s ,a||z,i 



\G s \\\rA = A -1 . 



Proof. First, we note that 

/•+0O 

(C.f) ((-A) s + A)" 1 = / e - At e-*(- A ) a dt. 



Furthermore, by the fact that the map E >— > e~ E is completely monotone for E ^ and 
s E (0, 1) and by Bernstein's theorem (see [TI5] for details), we can write the fractional heat 
kernel e~ t( ^~^' with t > in terms of the subordination formula 

(C.2) e-*(- A > s = / -^ =e * 2 A/(4«)^ (u)) 

Jo V 2w 

with some nonnegative finite measure fi s ^ with pL s ^ 0. From the known explicit formula 
for the Gaussian heat kernel e* A in ~§l N with t > 0, we easily derive property (i). 

To show (ii), we follow an argument used in [19] for N = 1 dimensions. We first consider 
the case v — 0. Let p s (t,x) with p s (t,x) = e~*^' " denote the heat kernel of e _t< -~ A ' s in 
R". Recall that p s (t,x) > is positive. Let sq G (0, 1) be fixed. We claim the uniform 
bound for s € [sq, 1) 

(C.3) Ps (t,x)< S0 min{t- N / 2s ,\x\- N }. 

This can be seen as follows. By scaling, we have p s (t,x) = t- N / 2s p s (l,t- 1 / 2s x). Thus it 
suffices to derive corresponding bounds for p s (l,x). Here, we first observe that 

(C4) P.(l,aO< / e- m *dZZa 1- 

Let k = 1, . . . , N be fixed. Using Fourier inversion and integration by parts, we obtain 



< 



Jr n 



< 



R N 



< / m 2s - N + ■■■ + \t\ 2sN ~ N ) e-w^m So i. 

Therefore the upper bound p s (l,x) < So \x\~ N holds, which completes the proof of (|C3[) 
by scaling. Next, from (jC.ll) and (|C.3|) we deduce 

(C.5) G SiX {x)< S0 ([ e~ xt \x\~ N dt+ ( e- xt t- N / 2s dt) < S0 \- 1 \x\- N . 

Finally, we remark that estimating the derivatives D V X G S ^\ with \v\ J? 1 follows in a similar 
fashion, by considering d%p s (t, x) which corresponds to i u ^p s (t, £) on the Fourier side. We 
omit the details. 

To show (iii), we recall from [7] that 

(C.6) lim \x\ N+2s Ps (l,x) = C N , s 

\x\— + 
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with some positive constant Cn, s > 0. Thus, by scaling, we obtain \x\ + p s (t,x) —> iCjv jS 
as |x| — > +00 by scaling. Thanks to the bounds (|C.3|) and dominated convergence, we 
conclude from equation (|C.1[) that the limit formula in (iii) holds. 

To prove (iv), wc deduce from (|C.6[) and scaling that <p s (t,x) < 2C N>S for t-^ 2s \x\ > 
R s with some constant R s > 0. Using this bound and the crude bound p s (t, x) < t _1 / 2s , we 
can show that ||G p ||lp < +00, by using (IC.ip and splitting the t-integral into the regions 
{t < R 2 s s \x\ 2s } and {t ^ R 2s \x\ 2s } similarly to (IC.5|) . Finally, since G St \ is positive, we 
conclude that HGs.aIIl 1 = Jon G s ,a = G S) a(0) = A -1 by Fourier inversion. □ 

C.2. Asymptotics of Eigenfunctions. The following result provides some uniform esti- 
mates regarding the spatial decay of eigenfunctions of H = (— A) s + V below the essential 
spectrum. In fact, the following estimates can be found in the literature (see, e.g., [12] ) 
without, however, no direct insight into uniformity of these estimates with respect to s and 
V. 

Lemma C.2. Let N > 1, < s < 1, and suppose that V £ L°°(R N ) with V{x) -> as 
\x\ — > +00. Assume that u € L 2 (R N ) with \\u\\^2 = 1 satisfies (— A) s u + Vu — Eu with 
some E < 0. Furthermore, let < A < — E be given and suppose that R ^ is such that 
V(x) + A ^ for \x\ ^ R. Then the following properties hold. 

(i) For all x £ R N , it holds that 

\u(x)\ < sM[]v{]Laa (x)- N ' 2s 

for s £ [sq, 1) with s € (0, 1) fixed. 

(ii) We have the asymptotic formula 

u{x)=-C-([ Vudx] \x\- N - 2s +o(\x\- N - 2s ) as|x|^+oc, 

where the positive constant C = C(s, —E, N) > is constant from Lemma \C'.l\ (iv) 
above. 

Proof. Let sq £ (0, 1) be fixed in the following. We start by showing part (i). From Lemma 
IB. 31 we obtain the uniform bound 



(C7) H| L « < S0 ,e,\\vu°° 1 

By assumption, we have < A < — E and R be such that V(x) + A ^ for x £ B C R . 
Furthermore, for any / £ H 2s , we have the general (Kato-type) inequality 

(C.8) (-Ar|/| < (sgn/)(-A)7 a.c. on R N , 

where (sgn/)(x) = f(x)/f(x) when f{x) ^ and (sgn/)(x) = when f{x) — 0. Indeed, 
the estimate (|C.8I) can be seen be an elementary argument using the singular integral 
formula for (— A) s as follows. Note that (|C.8|) is equivalent to 

, rQ s f l/(s)|-|/(y)l , <Ua ,w , f m-f(y) , 

for a. e. x £ R iv . But this inequality is easily seen to be equivalent to 

[l-(sgn /)(x)(sg n/)(y)]j/(y)| 
|x - y\ ! 

which immediately follows from the fact that 1 — (sgn/)(x)(sgn/)(y) ^ for all x, y £ M. N . 
This completes the proof of (|C8[) . 

Now, we return to the proof of Lemma \C . 2 1 itself . Since V £ L 00 , we see that u £ H 2s . 
Hence by using (|C8|) on the sets B R n {u ^ 0} and B C R n {u < 0} respectively, we deduce 
that 

(C.ll) (-A)>| + A|u| < on B%. 

Next, we claim that this implies 

(C12) \u(x)\ < sMl \ uUoo \x\~ N ~ 2s onl". 



( C - 10 ) / iZ „.\N+2s ^^ ' 
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Indeed, this follows from a comparison argument as follows. Recall that G s- \ denotes the 
fundamental solution satisfying ((— A) s + A)G St \ — Sq in R w . Let G Sy \(x) ^ c > for 
\x\ ^ R with c = c(R, A, sq, N) > the constant taken from Lemma [C. II (v). Recall that 
u G L°° . Now we choose Co = H^Hl^c" 1 , which implies that CoG S! \(x) ^ \u\(x) for 
x e Br with some constant Co = C(s ,X, R, \\u\\l°°) > 0. Now we define the function 

(C.13) w := C G S< \ - \u\, 

which is continuous away from the origin. Note that w ^ on Br holds. We claim that 
ra ^ on B C R as well. Suppose on the contrary that w is strictly negative somewhere in 
B C R . Since w — ¥ as |x| — > +oo and w ^ on Br, this implies that w attains a strict 
global minimum at some point xq € B R with w{xq) < 0. By using the singular integral 
expression for (— A) s , it is easy to see that ((— A) s w)(x ) < 0. On the other hand, we have 
(— A) s w + Xw ^ on B R , which implies that ((— A) s w)(xo) > 0. This is a contradiction 
and we conclude that w ^ on H N . From Lemma [C. II (iv), we finally deduce that (IC.12[) 
holds. Combining (jC.111) and (|C 12|) . we complete the proof of part (i). 

To show part (ii), we argue as follows. Since u = — ((— A) s + E)^ 1 (V 'u) , we can rewrite 
the equation for u as an integral equation given by 

(C.14) u = -G S , E * (utp). 

Observe that \V(x)u(x)\ < So ,e,\\v\\ l ^ (1 + \x\)- N - 2s because of (i) and V £ L°°. Since 
moreover V — > as \x\ — > +oo, we deduce that V(x)u(x) = o(\x\~ N ~ 2s ) as \x\ — > +oo. 
Using the bounds and the asymptotic formula for G S: e from Lemma [Oil we can apply 
Lemma [C.3I below with (3 — N + 2s > N to complete the proof of (ii). □ 

The following auxiliary result was used in the previous proof. 

Lemma C.3. Let kje L 1 (R N ) satisfy \k(x)\ ^ C|x|-' 3 and \f(x)\ < C(l + \x\)~ p with 
some constants /3 > N and C > 0. Moreover, assume that 



The 



lim \xfk(x)=K and lim \xff(x) = 0. 

\x\— >-\-oo |rc|— >-+oo 



lim \xf (k * f){x) = K I f(x)dx. 

\x\— >co 



Proof. Given e > 0, we can split / = /i + /2j where /i has compact support and |/2(^)| ^ 
e ( 1 —I— 1^1) ^ - By dominated convergence, we have lim^i^+oo |a;|' 3 (fc*/i)(x) =Kf fi(x)dx. 
Thus, it suffices to prove that 

limsup \xf\k * f2(x)\ ^ Ce, 

with a constant C > depending only on ||fc||^i, f3, and N. Because of the bound on /2, 
this follows if we can prove that 

I = (l + \x\f f \k(y)\(l + \x-y\)^dy^C. 

JR™ 

To see the latter bound, we split / = 1\ + I2 + I3, where l\ corresponds to the integral 
restricted to \x\ < 2\x — y\, I2 to the region |x| > 2\x — y\ and \y\ > 1 and, finally, I3 to the 
remaining region. In the region corresponding to I\, we have 

l + < l+J\x-y\ <2 



l+\x-y\ 1 

and therefore 



h^2? [ \k(y)\dy 

JR™ 



On the other hand, in the regions corresponding to 1% and I3, we have |a;| ^ \x — y\ + \y\ < 
\x\/2 + \y\ and therefore |a;| < 2\y\. In the region of I2, we use this in the form 

1+jgj „ l + 2|yj 
11 ^ 11 

\y\ 1 2/] 
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and deduce 

h<3? [ (l + \x-y\)^dy^3^ [ (l + \y\)^dy^C. 

J\y\^l JM. N 

Finally, in the region of ^3 we have l + |a;|<l + 2|y|<3 and, trivially, 1 + \x — y\ ^ 1. 
Therefore, 



/a<W \k(y)\dy^C. 

J\v\<l 



'\v\<i 

This completes the proof of Lemma 10.31 □ 

We have the following analogue of the previous lemma in the setting of exponentially 
decaying functions. 

Lemma C.4. Let k,f G L 1 (R N ) satisfy \k(x)\ sC Ce~ x W and \f(x)\ sC Ce~ x ^ for \x\ ^ R 
with some constants R > 0, C > 0, and A > 0. Moreover, assume that 

M — l 1 \ 11 , , _ , N-l 



The 



lim |x| — —e +xlxl k(x) = K and lim |a;| — ~ e +xlxl f(x) = 0. 

\x\— f+oo |x|^-+oo 



lim \x\~^ 1 e +x ^(k*f)(x)=K I f{x)dx. 

\x\— f+oo 



Proof. This can be shown along the same lines as done in the proof of Lemma IC.3I We 
omit the details. □ 

We conclude our discussion of decay estimates for eigenfunctions with the following 
auxiliary result needed in the proof of Theorem [2J 

Lemma C.5. Let H = — A + W acting on L^ ad (R ) be the operator in Lemma \A.l\ Sup- 
pose that tp G -^radC^ ) solves Hip = Eip with some E < 0. Then we have the asymptotic 
formula 

N — l I / N-l 



^(r) =~ A \^J Wijjdxj r~^e v - Er + o (r — ~ e^ L r 
Here A > is some positive constant depending only on E and N . 

Proof. By well-known estimates for Schrodinger operators (see, e. g., we deduce that 

ip G L°° . Next, we rewrite the equation for ip into its integral form: 

(C.15) ip = -G E * (Wtp), 

where Ge(x) is the kernel of the resolvent (—A — E)^ 1 on M. N with E < 0. From [St] we 
recall the standard properties that G\ G L 1 and |Ga(^)| e~ x > x > for \x\ 1. Using that 
Ge can be expressed in terms of Bessel functions, it can be checked that 

(C.16) lim \x\-^e-^ E WG E (x)=A, 

\x\— >+oo 

with some positive constant A > depending only on E and N. Recall that W(r) = 
2 

~ge~ r . Since ip G L°°, we see that / = Wtp and k — Ge satisfy the assumptions of 
Lemma IC. 41 which yields the claimed asymptotic formula for ip(r) as r — > +00. □ 

C.3. Perron Frobenius and Decomposition into Spherical Harmonics. Recall that 
any function u G L 2 (R N ) can be decomposed using spherical harmonics as 

(C17) u(x) =J2J2 fi,m( r ) Y i,m(^l 

with x = rO, r = \x\ and Q G E> N -\ Here f Um G L 2 {R+,r N ' 1 dr) and Y^ m G L 2 {S N - V ) 
denotes the spherical harmonics of degree I indexed by m G Mg. Note that the index 
set A = A(N) satisfies A(l) = {0, 1} and A(N) = N for N ^ 2. Likewise, the index 
set Mi depends on I. (In the one-dimensional case, the splitting into spherical harmonics 
corresponds to decomposition into odd and even functions on R.) In particular, if the sum 
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in (|C.17p involves only terms with I = 0, then the function u = u(|x|) is radial (which 
means even if N = 1). 

Let us consider H = (-A) s + V with V G K S (R N ) and V = V(\x\) radial. Since H 
commutes with rotations in this case, we can write the action of H on functions u in the 
form domain H S {R N ) C L 2 (R N ) as 

(C.18) (Hu)(x) = J2 ( H tft,m)(r)Y t , m (Q). 

Here Hg acting on L 2 (R + , r dr) is given by 
(C.19) Hi = (-A e ) s + V, 

where — A( is the Laplacian on M. N restricted to the sector of angular momentum I, which 
is known to be 

(C.20) _ A| --£-£zi« + *±£z»>. 

c»r z r or r z 

We have the following property, which is well-known in the classical case when s = 1. 

Lemma C.6. For each £ € A, the operator Hg enjoys a Perron- Frobenius property. That 
is, if E = irda(Hp) is an eigenvalue, then E is simple and the corresponding eigenfunction 
can be chosen strictly positive. 

Proof. From standard arguments, it suffices to show that the heat kernel e~ tHe , with t > 
0, is a positivity improving operator on L 2 (R + , r N ~ 1 dr). (An operator A is positivity 
improving if Af > is strictly positive whenever / is nonnegative and / ^ 0.) 
Furthermore, we consider the higher dimensional case N ^ 2 in the following. See [TH] for 
the proof in N — 1 dimension. 

Assume that N ^ 2 holds. First, we show that e _t ( _Af ) is positivity improving on 
L 2 (R+, r N ~ 1 dr). Indeed, from (|C.2I) and spectral calculus, we obtain 

f+CG i 

(C.21) e -*(-A,r = / L e t 2 A i/{ 4r) dfls ( T ^ 

Jo V 2r 

with some nonnegative measure /i s ^ 0. Thus it remains to show that e tAe is positivity 
improving. But adapting the arguments given in [37] for N — 3 to general space dimensions, 
we see that the kernel of e tAe acting on L 2 (R + , r N ^dr) is given by 

_ N ~ 2 

,c, 2 , ^y,.^^)"-^^ 

Here cn > is some positive constant (depending only on N) and I v (x) denotes the 
modified Bessel function of the the first kind. Since I v {x) > for all x > and any index 
v, this manifestly shows that e tAe is positivity improving and hence the same property 
follows for e~ t< --~ A " ,>s from the subordination formula (|C21|) . 

Finally, we conclude that e~ tHl with H = (— Ai) s + V is positivity improving by a 
perturbation argument based on the Trotter product formula. We omit the standard details 
of this procedure. See [33]. □ 

Lemma C.7. Let N 2 and £' > £ 0. T/ien we /iaue strict inequality Hp* > ii/^ in 
i/ie sense of quadratic forms. In particular, if — inf o(Hii) and Ep = mia(Hi) are 
eigenvalues, then E& > E?. 

Remark C.l. The inequality A> B means that Q(A) C Q(B) and (<fi,A<fi) > (4>,B(j)) for 
all <j) € Q{A) with 0^0. Here Q(A) and Q(i?) denote the quadratic form domains of A 
and B, respectively. 

Proof. Assume that £' > £ ^ 0. We note the strict inequality — Ae> > —Ap > in the 
sense of quadratic forms, which follows from —Ar^-s — (— Atg\) — 5/r 2 > with some 
S = S(£' , £) > if £' > £. Next, for < s < 1 and x > 0, we recall the classical formula 

(c.23) x s = m^i r * A ,-i dA . 
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By spectral calculus, we deduce that 

(c.24) (-A e ,y (-A e y = r ( - —^-) A- 1 dX > 

in the sense of quadratic forms. Here we used the general fact that if A > B 0, then 
A/ (A + X) — B/(B + A) > for any A > 0, which can be seen from the strict resolvent 
inequality (A + A)" 1 < (B + A)" 1 for A > due to A > B ^ 0. 

Adding the potential V on both sides, we obtain that Hi* > Hg in the sense of quadratic 
forms. The claim about the ordering of Eg/ and Eg follows immediately. □ 

Appendix D. Existence and Properties of Ground States 

In this section, we provide some details of the proof of Proposition 13.11 Note that the 
existence of a ground state can be inferred from 

Proof of Provosition \3 '. 1\ First, we prove part (i). In fact, we use a rather elementary 
proof (in spirit of 36 ) to show that the functional J(u) has a minimizer. Denote a = 
inf ug £fs u ^ J(u) in the following. Let (u n ) C H S (M. N ), with u n ^ 0, be a minimizing 
sequence for J(u). By symmetric rearrangement, we have J(f*) ^ J if) for any / £ H s . 
Hence we can assume without loss of generality that u n = u* n holds. Moreover, by scaling, 
we can always normalize such that 

(D.l) \\{-A) s / 2 u n \\ L 2 = \\u n \\ L 2 = 1 for all n > 1. 

Note that the functions u* = u* n (|x|) are radial and monotone decreasing in |x|. Thus we 
deduce the uniform pointwise bound 

(D.2) \u n {x)\ < \x\~ N '\ 

using also that ||wn||i 2 ^ 1 holds. By passing to a subsequence, we have that u n — u. t 
in H s and u n — > it* in L^ 2 (by local Rellich compactness). But from the uniform decay 
estimate (|D.2I) we actually deduce that u n — > in L a+2 , which implies that ^ 0. 
Finally, by weak convergence, notice that || (— A) s / 2 u* \\ L i ^ 1 and ||tt*||i,a ^ 1. Thus, we 
find 

(D.3) a = lim J{u n ) = - — 1 , 2 ^ J(u,) ^ a. 

It follows that ^ and ^ is a nonnegative minimizer for J{u). Moreover, since 
equality holds everywhere, we note that we must have || (— A) s / 2 u* ||^2 = ||l 2 = 1- Hence 
we also have strong convergence u n — > in H s . To complete the proof of (i) , we note that 
the minimizer it* satisfies d £= oJ(u + sip) = for all (p g C^°. A calculation shows that the 
function Q(-) = fiu*(X-) solves (|3.ip if the scaling parameters fi > and A > are suitably 
chosen. Note that Q € H s is also a nonnegative minimizer for J(u). 

We now sketch the proof of part (ii) by using the results from the literature. Let 
Q € H S (R N ) with Q and Q ^ solve ^Aj). By following the arguments in |5D], we 
deduce that 

Q(x — xq) is radial, positive, and strictly decreasing in \x — xq\, 

where xq € is some translation. Indeed, we only have to verify that the kernel K = 
K(x — y) of the resolvent ((— A) s + on satisfies the following properties: 1.) 
K = K(\z\) is real- valued and radial, 2.) i^(|z|) > is strictly positive for z £ Mr, and 
3.) -?T(|z|) is monotone decreasing in \z\. In fact, all these properties hold true in our case, 
as we readily see from Lemma IC. II Hence we conclude from the moving plane arguments 
in [30] that Q(x — xq) is radial, positive, and (but not necessarily strictly) decreasing in 
|sc — £Cq I - To show that Q(x — Xq) is indeed strictly decreasing in \x — Xq\, we argue as 
follows. Without loss of generality, we can assume that xq = and thus Q(x) — Q(\x\) > 
holds. Since d Xi Q £ kerL + , where L + = (— A) s + 1 — (a + l)Q a , we deduce that 

(D.4) L +tl Q' = 0, 
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with the notation used in Section [7J We have that Q'(r) ^ 0, since Q(r) is monotone 
decreasing. By Lemma IC.61 we conclude that Q'(r) is (up to a sign) the unique ground 
state of Therefore, we have that either Q'(r) < or Q'(r) > for r > 0, where the 

first possibility is clearly ruled out. Hence Q'(r) > for all r > 0, which shows that Q(r) 
is strictly decreasing. 

To show that Q £ H 2s+1 (W N ) holds, we can simply follow the arguments in JljJ] where 
the case iV = 1 is considered. The smoothness Q £ C°° in M. N follows from localizing 
the equation (|3.1|l on any open ball Br of fixed radius R > 0. By the strict positivity 
Q = Q(x — xo) > 0, we see that / : Br — >• M with /(x) = Q a+1 (x) is a smooth function 
(with bounds depending on R > 0). A bootstrap argument shows that Q £ C°° on any 
ball B R . 

Finally, we prove the lower and upper pointwise bounds for Q stated in Proposition 
13.11 First, we claim that Q £ L°° . (This is obvious if s > N/2 by Sobolev embedding.) 
Indeed, this follows from the L p -properties for the resolvent kernel in Lemma lC.ll (ii). Using 
Young's inequality, we can iterate the identity Q = ((— A) s + l) -1 Q a+1 finitely many times 
to conclude that Q £ L°° holds. Next, by Proposition lB.il we find that Q £ C ' 13 for any 
(3 < 2s. Since Q £ L 2 , this shows that Q vanishes at infinity. Now we note that HQ = —Q 
with H = (-A) s + V with V = -Q a £ L°° and V -> as |x| -> +oo. Hence we can 
apply Lemma TC. 2 1 to find the upper bound Q(x) ^ C(x) _2s . Moreover, by modifying 
the arguments in the proof of Lemma IC.2I and using that Q(x) > is positive, we also 
obtain the lower bound Q(x) C{x)~ N ~ 2s . □ 
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